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Abstract

In this paper we consider theleranceof a geometric or combinatorial structure associated to a set of points as a measure of
how much the set of points can be perturbed while leaving the (topological or combinatorial) structure essentially unchanged. We
concentrate on studying the Delaunay triangulation and show that its tolerance can be compigdimedf the triangulation
is given as part of the input, while the problem has comple®ity logn) if the triangulation is not known. We also study the
problem of computing the tolerance of the edges of the triangulation, and show that the tolerance of all the edges can be
computed in @Qulogn) time. Finally, we extend our study to some subgraphs of the Delaunay triangulati®@®9 Published
by Elsevier Science B.V. All rights reserved.
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1. Introduction sideration), we can move the points arbitrarily inside
some neighborhood (perhaps very small) and be cer-
LetS ={p1,..., p»} beasetof pointsand consider: tain thatDT(S) does not change, the property is still

(a) the Delaunay triangulation ¢f DT(S); true and the liné is still a bisector.
(b) a property: the points are in convex position; Thetoleranceof DT(S) is defined as the supremum
(c) alinel that bisects the set. of all ¢ > 0 such that if each poinp; is moved

These examples correspond respectively to a com-arbitrarily but not more that then the combinatorial
binatorial structure, a property and a geometric object structureDT(S) does not change. The definitions are
topologicallyassociated to the set of points:Sifis in analogous in situations (b) and (c) and always have the
general position(the exact meaning of general posi- sameconservativesense.
tion depends on the structure or property under con-  The tolerance is naturally related to the accuracy

of the input of our data, since for large tolerance, er-
U Research of the second author is partially supported by CICYT rors comparatively small in the input will be irrele-
grant TIC 95-0957-E, Projecte UPC-PR-9410 and grant DGES vant, On the contrary, if the tolerance is small, even
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Fig. 1. Two polygonizations of the same set with very different tolerance of their simplicity.

ferent steps of an algorithm and produce a false final  Finally, we can observe that in examples (a) and (b)
result. This is the approach of Guibas et al. [12,13], the geometric object under consideration is uniquely
where the authors define a concept similar to that of defined, but when we have other possibilities as in (c),
tolerance, but from the point of view of algorithmic ~where we consider a line that bisects a set of points,
robustness. The same can be said about the paper [17]it would be reasonable to try to select the object with

by Li and Milenkovic, where the authors propose an maximum tolerance. In some sense, this would be the
algorithm to compute an approximate convex hull tak- best solution to the problem, because it is the most
ing into account roundoff errors. The main difference Stable if we have errors in the data. This approach
is that the tolerance measures possible changes of d€ads tooptimizatiorproblems; for example, in [1], the

combinatorial structurexactlyassociated to a set of ~tolerance of the simplicity of a polygon is computed
points. and the following problem is proposed: how should

a set of points be polygonized such that the resulting
polygon has maximum tolerance (Fig. 1)?

The concept of tolerance, because it is so natural,
has already appeared implicitly in different settings,
although a systematic study as the one proposed in
this paper was missing. For example, when studying

The study of tolerance is useful in situations in
which we have to deal with perturbations of data,
even when we use exact arithmetic in order to avoid
roundoff errors, as proposed by Yap in [27], we have
to deal with perturbations of data, for instance if we
deal with inaccurate data or if the position of the points o : . .

e . : Voronoi diagrams of moving points in the plane,
changes with time (dynamic environment). :
. . Guibas et al. [11] observe that non-degenerate changes

In the first case, the tolerance can be interpreted as a. . ; .
m re of how far a given confiauration is from bein in the Voronoi diagram of a set of points atmgonal

easure ofhowlaragiven configuration is from being flips produced when four points are cocircular, and
degenerate, because degenerate configurations will

h | bitraril I bai they derive some bounds for the number of such
ave tolerance zero (arbitrarily small perturbations can 1o ogical changesn the diagram under suitable
give different structures).

i i assumptions for the movement of the points, although
The problem of the dynamic maintenance of struc- 4 attempt to compute the size of the perturbation
tures associated to a set of moving points is an area, ot produces such a change is made. In [4] Arkin
that has received some attention in the past. Assuminget 4. consider polygons subjected to an assumption
that the movement of the points is parameterized by that we can describe now as a fixed lower bound for
algebraic functions of constant degree, it is possible the tolerance of the simplicity of the polygon. In graph
to give bounds on the maximum number of changes |ayout, it is sometimes interesting to redraw a graph
in the structure (see for instance [5,9,15,23]). If noth- with slight changes to make the picture clearer while
ing is known in advance about the movement of the preserving thenental magof the diagram; a possible
points, the problem is hopeless; however, if an upper way to do this, suggested by Eades et al. [6] and Lyons,
bound of the velocity of the points is known, the tol- Meijer and Rappaport [18,19], is to preserve some
erance gives an interval of time in which the structure geometric graph, such as the Delaunay triangulation
does not change and then the passage between the inier the minimum spanning tree of the points that
tial and final configurations can be discretized. correspond to the nodes. The tolerance would then



M. Abellanas et al. / Information Processing Letters 71 (1999) 221227

give bounds for safe perturbations of the nodes.
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point to each point of is the corresponding point of

These ideas are explored in a previous version of §', it reduces to the Hausdorff distance between the

this paper [3]. In [20] Monma and Suri define the
sensitivityof a set of points in a way that we can refer
to now as the tolerance of the Euclidean minimum
spanning tree of the set.

More recently, Weller [25] studies the stability of
Voronoi neighborship under perturbation of the sites
focusing on a single edge of the Delaunay trian-
gulation (local tolerance), and Tarasov [24] relates

sets, but this is not true in general. We shall say fat
is ane-perturbation ofS if §(S, S') =¢.
Let V(S) denote theVoronoi diagramof the set
S. The kth order Voronoi diagramdenotedV,(S),
is a partition of the plane into regions such that the
k nearest neighbors of the points in a region are the
same. We denote b@H(S) the convex hullof the set
S and byDT(S) its Delaunay triangulationHereafter,

the problem of hardness of roundness computation when we sagonvex hullwe mean the boundary of the

in higher dimensions to the stability of Voronoi dia-
grams.

convex polygon that can be described by the ordered
list of its vertices. The edge between the poiptand

We have mentioned several directions of research p; is denoted by;;, and we say that the points and
that are suggested by the concept of tolerance, but p; areDelaunay neighbor# ¢;; € DT(S).

certainly a basic question is how to compute the
tolerance of a given structure of a set. In this paper
we deal with an example that is important in two

ways—it illustrates the techniques involved and the

structure considered could not be less important: the

Delaunay triangulation. Specifically, we show that the
tolerance oDT(S) can be computed in linear time if
the triangulation is given as part of the input, while
the problem has complexit®) (nlogn) if DT(S) is
not known. Furthermore, we explore some variations
of the problem, such as the problem of computing
the tolerance of a single edge of the triangulation,
and show that we can compute in({dogn) time
the tolerance of all the edges of the triangulation.
Finally, we study the tolerance of some subgraphs
of DT(S). In [20], Monma and Suri show that the
sensitivity of a set of points (which is exactly the
tolerance of its Euclidean minimum spanning tree)
can be computed in @logn) time. We show that

The tolerance of the Delaunay triangulation can be
formally defined as follows:

tol(DT(S)) = sup{e > 0| DT(S) ~ DT(S") for all §’
such thas (S, §') < ¢},

whereDT(S) ~ DT(S’) means thap; andp; are De-
launay neighbors iDT(S) if and only if the corre-
sponding pointg; andp’; are Delaunay neighbors in
DT(S). ‘

It is well known that a trianglep; p; px is a face
of DT(S) if and only if the circle through these
three points does not contain any other pointSof
Topological changes in the Delaunay triangulation
are diagonal flips when the pointp; (see Fig. 2)
enters the circle passing through the poimtsp; and
Pk, the edgee;; disappears and is substituted by the
edgee;,. A topological change is also produced when
three consecutive vertices of the convex hull become

the tolerance of the all-nearest-neighbors graph cancollinear; in order to avoid this special case, we

be computed within the same asymptotic complexity.

use theone-point-compactificatiompproach proposed

Many other structures, as well as the other aspects wein [11]: an artificial point po is added atoo and

have mentioned before are largely studied in [21].

2. Tolerance of the Delaunay triangulation

LetS={p1,...,ps} @andS ={pj,..., p,} be two
sets ofn labeledpoints in the plane and let us define

It is easy to prove that is a distance between labeled
sets ofn points. In the special case where the closest

pi l)l

@

Fig.

G

2. Example of a diagonal flip.
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the extended Delaunay triangulation is obtained by
connectingpg with the vertices of the convex hull. If
we interpret a line as a circle passing throughthen
topological changes in the convex hull generalized
diagonal flips. Hereafter, except if otherwise indicated,
we shall focus on this extended graph, which we also
denote byDT(S).

Now, in order to compute the tolerance BT ()
we only have to detect the smallest perturbation that
produces a diagonal flip. Therefore, for two adjacent
triangular facesp;p;pr and p;p;jp;, we want to
compute the size of the smallest perturbation that
makes the four points cocircular. This is equivalent
to compute the circle that minimizes the maximum
distance to the four points, or to compute #renulus
of minimum widthcontaining the points. It has been
shown [10,22] that the annulus of minimum width
containing a set of points has two points on the inner
circle and two points on the outer circle, interlacing (i yi) =1 1-a? 2a
angle-wise as seen from the center of the annulus. i i 1+ai2’ 1+“i2 )
Therefore, the center will be the intersection of the
bisectors ofp; p; and pyp;. Now we can conclude
that the size of the smallest perturbation making the

?OmtSp’ap-" Pk D ?.ocwi:#lar can t;e co;nputed m(D. f Itis not hard to see that the angle between two consec-
Ime and, repeating this procedure Tor every pair of ;.o points is at least/{2r) and that the tolerance is

adjacent faces, we can compute the tolerance of thebounded from below by three consecutive points on

Delaunay triangulation in @) time and space if the circle with minimum angular separation as shown

DT(S) is k_nown in advance. IDT(S) is not knovyn, in Fig. 3. Then, a straightforward computation shows
we are going to see that the problem of computing the 5t or, big enough

tolerance has complexitg (n logn).

To this end, letN = {x1,...,x,} be a set of toI(DT(S)) > }(d(c,q)—d(c, Pi))
natural numbers. We are going to reduce the problem 2

of element uniqueness iV, which is known to _£< /5—4cosi—1> < 1

be Q(nlogn) in the algebraic decision tree model 2 2 “ 100

(see [26]), to the problem of the tolerance of the

Delaunay triangulation of a certain sgt constructed

in linear time from the setv. We shall assume that

x1 and x, are, respectively, the minimum and the

maximum of N. The idea is to construct a set having

. : . 1 1 1

a Delaunay triangulation with tolerance bounded from toI(DT(S’)) > - - =

below by a certain constant if there are no repeated 10r - 20 20r

elements, while if these occur, it has tolerance smaller while if there are repeated elementsNi S’ has two

than that constant. points at distance smaller thap2Dr, and therefore,
We denote = x,, — x1 and define

Fig. 3. Worst-case situation in the lower bound.

Consider now the sef = {po, p1,..., pa} Wherepg
is the origin of the coordinate system and foe
1,...,n, p; has coordinates

Assume for the moment that there are no repeated el-
ements inN. ThenDT(S) consists of triangles with
vertices aipg and two consecutive points on the circle.

If we perturb the abscissas of the poipts . . ., p,
by 1/(20r + i) (depending on the indices) and denote
the resulting set by’, then in the case of no repeated
elements inV we have

1
Xi — X1

a=——" concluding the proof of:
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Theorem 1. The problem of computing the toler- Theorem 2. The tolerance of all the edges of DS)
ance of the Delaunay triangulation has complexity can be computed i®(nlogn) overall time.

®(nlogn). Furthermore, if DTS) is known as part

of the input, the tolerance can be computed in linear Proof. We recall again the known fact that if points

time. do not coincide, changes in the Delaunay triangulation
are always diagonal flips. We observe that the edge
If we define thetolerance of a triangulatiori?” of is also destroyed if a poini (k # i, j) is coincident

S in the obvious way, namely, as the supremum of With pi or p;, but this can easily be checked in linear
all ¢ > 0 such that7 is a triangulation for every- time for all the edges of the triangulationDfT(S) is
perturbation ofS, a natural question would be try to known in advance. _

compute thenost tolerantriangulation of a given set ~_ASSUme now that the edgs; is destroyed by a
of points. Because it is easily seen that the tolerance diagonal flip with a perturbation of siz&;, and let

of a triangulation is half the smallest height among P« @dp: be the points that produce the change. The

1 1 H / / /
all the triangles in the triangulation, we conclude that 1P IS produced _WT;” t_hﬁ poins;, p’ ’dpk 3f‘dl’1 aZje
the solution to this problem is the well knownax- " & common circle: with centerc and radius- and,

min height triangulationwhich can be computed in fu.rthermorg,the points; andpf/. interlace angle-wise
O(2logn) time [7]. Wlth the pOIn_tSp,’( andp; as seen fromthe center c_)f the
circle (see Fig. 4). Because the change is the diagonal
flip that destroys the edgg; with a perturbation of
minimum size, the circle centeredatvith radiusr +

) ) 8;; cannot contain any other point and thus the region
leen an edge;; € DT(S), thetolerance ofe;; is of Va(S) corresponding to the poings, p;, px andp
defined as.the supremum of all teke>= 0 such that is nonempty. Because(S) has linear cdmplexity and
for all §” with 5(5, §') < & we havee;; € DT(S). If can be computed in time @logn) [16], we conclude

d; denotes the number of Delaunay neighborpaf gpserving that in order to compute the tolerance of all
Weller has shown [25] that the decision problem of ¢ edges oDT(S), we can explore all the regions

whethertol(e;;) > eo can be solved in @} +d;) time of V4(S) and, for each region, compute in(D) the
and, by using an extension of Megiddo’s technique ¢qrresponding annulus.o

for linear programming, the optimization version of

the problem can be solved within the same asymptotic |t is worth noticing that, ifDT(S) is known and
bound. This result is based on the fact that points that jts degree is bounded by a constant, the tolerance of
destroy the edge;; are Delaunay neighbors of either all the edges can be computed in linear time with a

2.1. Local tolerance

pi Orp;j. brute force approach, using the fact that points that
The drawback of this algorithm is that if we want to
compute the tolerance of all the edgedf(S), the T

complexity can grow to quadratic because we sum up
the number of Delaunay neighbors on the set of edges.
For an example, consider a s&t {po, p1,.-., Pn}
wherepg is the origin of the coordinate system and the
rest of the points are arranged along the unit circle (we
can slightly perturb the points if we want to assume
general position). Then, the Delaunay triangulation
contains all the edges betwegp and the rest of the
points. Therefore, we compute the tolerancesath
edge pop; in linear time (because the degree mf

is n), for a total of quadratic time if we compute the
tolerance of all the edges. An alternative approach can
overcome this situation: Fig. 4. lllustration of the proof of Theorem 2.
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destroy the edge;; are Delaunay neighbors of either smallest perturbation such thatp;, p’j) =d(p;, py)
pi or p;. Itis an open problem to decide whether the is equivalent to computing the smallest 0 such that
tolerance of all the edges can be computed in linear the branch of the hyperbol&(x, pr) — d(x, p;) = 2¢

time in the worst case, or if the problem lagn logn) is tangent to the circlel(x, p;) = ¢. Hereafter, we
complexity even iDT(S) is given as part of the input.  assume that this can be done ifiPtime.
Another natural variation of the concept of local In order to collect more proximity information

tolerance would be to consider as fixed all but one aboutthe sef, we generaliz&NN(S) to ANNT(S) by
point, and compute the region where the moving point connecting the poing; to nn(p;) and totnn(p;). From

can be perturbed without producing any changes in the the observation in the previous paragraph, it is obvious
triangulation. It can easily be seen that this problem that the tolerance oANN(S) can be computed in
can be solved in @tlogk) time, wherek is the linear time if we haveANNT(.S). Now we concentrate
number of Delaunay neighbors of the moving point, by on how to compute this graph.

constructing the arrangement of empty circles defined

by consecutive Delaunay neighbors of the moving Theorem 3. If DT(S) is known, ANNTS) can be
point. computed irD(n) time.

2.2. Subgraphs of the Delaunay triangulation Proof. We claim thattnn(p;) is connected irDT(S)
either top; or to nn(p;). In order to prove the claim,

The Euclidean minimum spanning tree §f de- let & be the size of the smallest perturbation such that
noted byEMST(S), is defined as the tree of minimum d(p,,nn(p;)) = d(p’, tnn(p;)'). We observe that the
1’ 1’

total length whose vertices are the pointsoMonma o1y noints of s inside the circle centered af with
gnd Suri [20] define theensitivityof a set of points radiusd (pi, nn(p;)) + ¢ are p;, nn(p;) andtnn(p;)
in a way that we can refer to now as the tolerance of (see Fig. 5). Therefore, there exists a circle passing
the Euclidean minimum spanning tree of the set. They throughtnn(p;) and containing only the points(p;)
show that the tolerance of this graph can be computed ;4 p; which proves that eithenn(p;) or p; are
in O(nlogn) time. By reduction to the problem of the Delaulnay neighbors afin(p;) l l

. . . oy s v)-
maximum gap in a set of integers, itis easy to see that gy, i order to conclude the proof, we only have to
this algorithm is asymptotically optimal EMST(S) is observe thaNNT(S) can be constructed froBT(S)
not known, but itis an open problem to decide whether in linear time. This holds because each pointSat
this problem can be solved in linear imelMST(S) e nearest neighbor of at most six pointsSofand
is given as part of the input. In the rest of this section . atore the extra work of computitign( ;) for each

we foc_us on another qugraphT(S)’ theall near- pi € Sis proportional to the complexity ®@T(S). O
est neighborgraph, which has been used as a tool for

collecting proximity information of the sef [14].
Let nn(p;) denote the nearest neighbor pf in
the setS. The (directed) grapANN(S) is defined as
follows: p; is connected top; if and only if p; =
nn(p;). When dealing with inexact data or moving
points, the tolerance of this structure is again a useful
tool. More generally, we say thahn(p;) = py if
pr # nn(p;) and there exists > 0 such that for alk-
perturbations of, the nearest neighbor ¢f is either
nn(p;)’ or p;. Of course, it is not true thahn(p;) N
is the second nearest neighbor gf Actually, it is Ry
not hard to construct examples whera(p;) is the NN L
furthestneighbor ofp; in S. N
Following [20], we observe that givew;, p,
and p; with d(p;, pj) < d(p;i, px), computing the Fig. 5. lllustration of Lemma 3.
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3. Concluding remarks [7] H. Edelsbrunner, T.S. Tan, R. Waupotitsch,N& log N) time
algorithm for the minmax angle triangulation, SIAM J. Sci.
In this paper we have studied the conceptalf Statist. Comput. 13 (1992) 994-1008.

eranceof a geometric or combinatorial structure. Be-  [8] W. Evans, Regular polygons are most tolerant, in: Proc.
cause it is so natural. it had already appeared implic- 7th Canadian Conference on Computational Geometry, 1995,
ST ! . pp. 109-113.
Itly in different ;etu_ngs, but a systematic St?‘dy as the [9] J.J. Fu, R.C.T. Lee, Voronoi diagrams of moving points in the
one proposed in this paper was never carried OUt-_ We plane, Internat. J. Comput. Geom. Appl. 1 (1991) 23-32.
have shown that the tolerance of the Delaunay trian- [10] J. Garcia, P.A. Ramos, Fitting a set of points by a circle,
gulation can be computed in linear time if the triangu- in: Proc. 13th Annual ACM Symposium on Computational
lation is given as part of the input, while the problem Geomet_[)y' 1997, pp. 1_39r:1|f6- - f
has®(nlogn) complexity if the triangulation is not [ L3 Guibas, J.S.B. Mitchell, T. Roos, Voronoi diagrams o
K We have also shown that the tolerance of all moving points in the plane, in: Proc. 17th Internat. Workshop
nown. ! ; e Graph-Theoretical Concepts of Computer Science, Lecture
the edges of the triangulation can be computed within Notes in Computer Sci., Vol. 570, Springer, Berlin, 1991,
the same asymptotic bound, but it is an open problem pp. 113-125.
to decide if this can be improved to linear time if the [12] L. Guibas, D. Salesin, J. Stolfi, Epsilon-geometry: Building
triangulation is given. FinaIIy, we have studied the tol- robust algorithms for imprecise computation, in: Proc. 5th

. Annual ACM Symposium on Computational Geometry, 1989,
erance of the all nearest neighbors graph of a set of bp. 208-217 yme P Y

points. [13] L. Guibas, D. Salesin, J. Stolfi, Constructing strongly convex
From the point of view of combinatorial optimiza- approximate hulls with inaccurate primitives, Algorithmica 9

tion, the concept of tolerance also suggests a num- (1993) 534-560.

ber of problems. If we define the tolerance of a con- [14] J.W. Jaromczyk, G.T. Toussaint, Relative neighborhood graphs

. - . . and their relatives, Proc. IEEE 80 (1992) 1502-1517.
vex polygon in the obvious way and interpret it as a [15] N. Katoh, T. Tokuyama, K. lwano, On minimum and maximum

measu_re of convex;tjhen_ the f0||0W|ng probl_em, pro- spanning trees of linearly moving points, Discrete Comput.
posed in [2], comes to mind naturally: what is thest Geom. 13 (1995) 161-176.

convexpolygon that can be enclosed in the unit circle? [16] D.T. Lee, Ork-nearest neighbor Voronoi diagram in the plane,
The natural conjecture is the regulkagon, and this IEEE Trans. Comput. 31 (1977) 478-487.

[17] Z. Li, V. Milenkovic, Constructing strongly convex hulls using
exact or rounded arithmetic, Algorithmica 8 (1992) 345-364.
[18] K.A. Lyons, Cluster busting in anchored graph drawing, Ph.D.

has been shown to be true by Evans in [8]. In a similar
way, the following problem can be proposed: what is

the n point configuration that can be enclosed in the thesis, Queen’s University, 1094,

unit circle that has a Delaunay triangulation of maxi- [19] K.A. Lyons, H. Meijer, D. Rappaport, Properties of the Voronoi

mum tolerance? diagram cluster buster, in: Proc. 1993 CAS Conference (CAS-
CON'93), Vol. 2, 1993, pp. 1148-1163.
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