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Abstract

In this paper we consider thetoleranceof a geometric or combinatorial structure associated to a set of points as a measure of
how much the set of points can be perturbed while leaving the (topological or combinatorial) structure essentially unchanged. We
concentrate on studying the Delaunay triangulation and show that its tolerance can be computed in O(n) time if the triangulation
is given as part of the input, while the problem has complexity2(n logn) if the triangulation is not known. We also study the
problem of computing the tolerance of the edges of the triangulation, and show that the tolerance of all the edges can be
computed in O(n logn) time. Finally, we extend our study to some subgraphs of the Delaunay triangulation. 1999 Published
by Elsevier Science B.V. All rights reserved.
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1. Introduction

LetS = {p1, . . . , pn} be a set of points and consider:
(a) the Delaunay triangulation ofS, DT(S);
(b) a property: the points are in convex position;
(c) a linel that bisects the setS.

These examples correspond respectively to a com-
binatorial structure, a property and a geometric object
topologicallyassociated to the set of points: ifS is in
general position(the exact meaning of general posi-
tion depends on the structure or property under con-
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sideration), we can move the points arbitrarily inside
some neighborhood (perhaps very small) and be cer-
tain thatDT(S) does not change, the property is still
true and the linel is still a bisector.

Thetoleranceof DT(S) is defined as the supremum
of all ε > 0 such that if each pointpi is moved
arbitrarily but not more thatε then the combinatorial
structureDT(S) does not change. The definitions are
analogous in situations (b) and (c) and always have the
sameconservativesense.

The tolerance is naturally related to the accuracy
of the input of our data, since for large tolerance, er-
rors comparatively small in the input will be irrele-
vant. On the contrary, if the tolerance is small, even
tiny errors in the data can produce different results.
However, the tolerance should not be confused with
the concept ofalgorithmic robustness, which studies
how small roundoff errors can accumulate during dif-
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Fig. 1. Two polygonizations of the same set with very different tolerance of their simplicity.

ferent steps of an algorithm and produce a false final
result. This is the approach of Guibas et al. [12,13],
where the authors define a concept similar to that of
tolerance, but from the point of view of algorithmic
robustness. The same can be said about the paper [17],
by Li and Milenkovic, where the authors propose an
algorithm to compute an approximate convex hull tak-
ing into account roundoff errors. The main difference
is that the tolerance measures possible changes of a
combinatorial structureexactlyassociated to a set of
points.

The study of tolerance is useful in situations in
which we have to deal with perturbations of data,
even when we use exact arithmetic in order to avoid
roundoff errors, as proposed by Yap in [27], we have
to deal with perturbations of data, for instance if we
deal with inaccurate data or if the position of the points
changes with time (dynamic environment).

In the first case, the tolerance can be interpreted as a
measure of how far a given configuration is from being
degenerate, because degenerate configurations will
have tolerance zero (arbitrarily small perturbations can
give different structures).

The problem of the dynamic maintenance of struc-
tures associated to a set of moving points is an area
that has received some attention in the past. Assuming
that the movement of the points is parameterized by
algebraic functions of constant degree, it is possible
to give bounds on the maximum number of changes
in the structure (see for instance [5,9,15,23]). If noth-
ing is known in advance about the movement of the
points, the problem is hopeless; however, if an upper
bound of the velocity of the points is known, the tol-
erance gives an interval of time in which the structure
does not change and then the passage between the ini-
tial and final configurations can be discretized.

Finally, we can observe that in examples (a) and (b)
the geometric object under consideration is uniquely
defined, but when we have other possibilities as in (c),
where we consider a line that bisects a set of points,
it would be reasonable to try to select the object with
maximum tolerance. In some sense, this would be the
best solution to the problem, because it is the most
stable if we have errors in the data. This approach
leads tooptimizationproblems; for example, in [1], the
tolerance of the simplicity of a polygon is computed
and the following problem is proposed: how should
a set of points be polygonized such that the resulting
polygon has maximum tolerance (Fig. 1)?

The concept of tolerance, because it is so natural,
has already appeared implicitly in different settings,
although a systematic study as the one proposed in
this paper was missing. For example, when studying
Voronoi diagrams of moving points in the plane,
Guibas et al. [11] observe that non-degenerate changes
in the Voronoi diagram of a set of points arediagonal
flips produced when four points are cocircular, and
they derive some bounds for the number of such
topological changesin the diagram under suitable
assumptions for the movement of the points, although
no attempt to compute the size of the perturbation
that produces such a change is made. In [4] Arkin
et al. consider polygons subjected to an assumption
that we can describe now as a fixed lower bound for
the tolerance of the simplicity of the polygon. In graph
layout, it is sometimes interesting to redraw a graph
with slight changes to make the picture clearer while
preserving themental mapof the diagram; a possible
way to do this, suggested by Eades et al. [6] and Lyons,
Meijer and Rappaport [18,19], is to preserve some
geometric graph, such as the Delaunay triangulation
or the minimum spanning tree of the points that
correspond to the nodes. The tolerance would then
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give bounds for safe perturbations of the nodes.
These ideas are explored in a previous version of
this paper [3]. In [20] Monma and Suri define the
sensitivityof a set of points in a way that we can refer
to now as the tolerance of the Euclidean minimum
spanning tree of the set.

More recently, Weller [25] studies the stability of
Voronoi neighborship under perturbation of the sites
focusing on a single edge of the Delaunay trian-
gulation (local tolerance), and Tarasov [24] relates
the problem of hardness of roundness computation
in higher dimensions to the stability of Voronoi dia-
grams.

We have mentioned several directions of research
that are suggested by the concept of tolerance, but
certainly a basic question is how to compute the
tolerance of a given structure of a set. In this paper
we deal with an example that is important in two
ways—it illustrates the techniques involved and the
structure considered could not be less important: the
Delaunay triangulation. Specifically, we show that the
tolerance ofDT(S) can be computed in linear time if
the triangulation is given as part of the input, while
the problem has complexity2(n logn) if DT(S) is
not known. Furthermore, we explore some variations
of the problem, such as the problem of computing
the tolerance of a single edge of the triangulation,
and show that we can compute in O(n logn) time
the tolerance of all the edges of the triangulation.
Finally, we study the tolerance of some subgraphs
of DT(S). In [20], Monma and Suri show that the
sensitivity of a set of points (which is exactly the
tolerance of its Euclidean minimum spanning tree)
can be computed in O(n logn) time. We show that
the tolerance of the all-nearest-neighbors graph can
be computed within the same asymptotic complexity.
Many other structures, as well as the other aspects we
have mentioned before are largely studied in [21].

2. Tolerance of the Delaunay triangulation

Let S = {p1, . . . , pn} andS′ = {p′1, . . . , p′n} be two
sets ofn labeledpoints in the plane and let us define

δ(S,S′)= max
i=1,...,n

d
(
pi,p

′
i

)
. (1)

It is easy to prove thatδ is a distance between labeled
sets ofn points. In the special case where the closest

point to each point ofS is the corresponding point of
S′, it reduces to the Hausdorff distance between the
sets, but this is not true in general. We shall say thatS′
is anε-perturbation ofS if δ(S,S′)= ε.

Let V(S) denote theVoronoi diagramof the set
S. The kth order Voronoi diagram, denotedVk(S),
is a partition of the plane into regions such that the
k nearest neighbors of the points in a region are the
same. We denote byCH(S) theconvex hullof the set
S and byDT(S) its Delaunay triangulation. Hereafter,
when we sayconvex hull, we mean the boundary of the
convex polygon that can be described by the ordered
list of its vertices. The edge between the pointspi and
pj is denoted byeij , and we say that the pointspi and
pj areDelaunay neighborsif eij ∈DT(S).

The tolerance of the Delaunay triangulation can be
formally defined as follows:

tol
(
DT(S)

)= sup
{
ε > 0 |DT(S)∼DT(S′) for all S′

such thatδ(S,S′)6 ε
}
,

whereDT(S)∼DT(S′) means thatpi andpj are De-
launay neighbors inDT(S) if and only if the corre-
sponding pointsp′i andp′j are Delaunay neighbors in
DT(S′).

It is well known that a trianglepipjpk is a face
of DT(S) if and only if the circle through these
three points does not contain any other point ofS.
Topological changes in the Delaunay triangulation
are diagonal flips: when the pointpl (see Fig. 2)
enters the circle passing through the pointspi , pj and
pk, the edgeeij disappears and is substituted by the
edgee′kl . A topological change is also produced when
three consecutive vertices of the convex hull become
collinear; in order to avoid this special case, we
use theone-point-compactificationapproach proposed
in [11]: an artificial pointp0 is added at∞ and

Fig. 2. Example of a diagonal flip.
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the extended Delaunay triangulation is obtained by
connectingp0 with the vertices of the convex hull. If
we interpret a line as a circle passing through∞, then
topological changes in the convex hull aregeneralized
diagonal flips. Hereafter, except if otherwise indicated,
we shall focus on this extended graph, which we also
denote byDT(S).

Now, in order to compute the tolerance ofDT(S)
we only have to detect the smallest perturbation that
produces a diagonal flip. Therefore, for two adjacent
triangular facespipjpk and pipjpl , we want to
compute the size of the smallest perturbation that
makes the four points cocircular. This is equivalent
to compute the circle that minimizes the maximum
distance to the four points, or to compute theannulus
of minimum widthcontaining the points. It has been
shown [10,22] that the annulus of minimum width
containing a set of points has two points on the inner
circle and two points on the outer circle, interlacing
angle-wise as seen from the center of the annulus.
Therefore, the center will be the intersection of the
bisectors ofpipj and pkpl . Now we can conclude
that the size of the smallest perturbation making the
pointspipjpkpl cocircular can be computed in O(1)
time and, repeating this procedure for every pair of
adjacent faces, we can compute the tolerance of the
Delaunay triangulation in O(n) time and space if
DT(S) is known in advance. IfDT(S) is not known,
we are going to see that the problem of computing the
tolerance has complexity�(n logn).

To this end, letN = {x1, . . . , xn} be a set of
natural numbers. We are going to reduce the problem
of element uniqueness inN , which is known to
be �(n logn) in the algebraic decision tree model
(see [26]), to the problem of the tolerance of the
Delaunay triangulation of a certain setS, constructed
in linear time from the setN . We shall assume that
x1 and xn are, respectively, the minimum and the
maximum ofN . The idea is to construct a set having
a Delaunay triangulation with tolerance bounded from
below by a certain constant if there are no repeated
elements, while if these occur, it has tolerance smaller
than that constant.

We denoter = xn − x1 and define

ai = xi − x1

r
.

Fig. 3. Worst-case situation in the lower bound.

Consider now the setS = {p0,p1, . . . , pn} wherep0
is the origin of the coordinate system and fori =
1, . . . , n, pi has coordinates

(xi, yi)= r
(

1− a2
i

1+ a2
i

,
2ai

1+ a2
i

)
.

Assume for the moment that there are no repeated el-
ements inN . ThenDT(S) consists of triangles with
vertices atp0 and two consecutive points on the circle.
It is not hard to see that the angle between two consec-
utive points is at least 1/(2r) and that the tolerance is
bounded from below by three consecutive points on
the circle with minimum angular separation as shown
in Fig. 3. Then, a straightforward computation shows
that, forr big enough,

tol
(
DT(S)

)
> 1

2

(
d(c, q)− d(c,pi)

)
= r

2

(√
5− 4 cos

1

2r
− 1

)
> 1

10r
.

If we perturb the abscissas of the pointsp1, . . . , pn
by 1/(20r + i) (depending on the indices) and denote
the resulting set byS′, then in the case of no repeated
elements inN we have

tol
(
DT(S′)

)
> 1

10r
− 1

20r
= 1

20r

while if there are repeated elements inN , S′ has two
points at distance smaller than 1/20r, and therefore,

tol
(
DT(S′)

)
6 1

40r
,

concluding the proof of:



M. Abellanas et al. / Information Processing Letters 71 (1999) 221–227 225

Theorem 1. The problem of computing the toler-
ance of the Delaunay triangulation has complexity
2(n logn). Furthermore, if DT(S) is known as part
of the input, the tolerance can be computed in linear
time.

If we define thetolerance of a triangulationT of
S in the obvious way, namely, as the supremum of
all ε > 0 such thatT is a triangulation for everyε-
perturbation ofS, a natural question would be try to
compute themost toleranttriangulation of a given set
of points. Because it is easily seen that the tolerance
of a triangulation is half the smallest height among
all the triangles in the triangulation, we conclude that
the solution to this problem is the well knownmax-
min height triangulation, which can be computed in
O(n2 logn) time [7].

2.1. Local tolerance

Given an edgeeij ∈ DT(S), the tolerance ofeij is
defined as the supremum of all theε > 0 such that
for all S′ with δ(S,S′) 6 ε we haveeij ∈ DT(S′). If
di denotes the number of Delaunay neighbors ofpi ,
Weller has shown [25] that the decision problem of
whethertol(eij )> ε0 can be solved in O(di+dj ) time
and, by using an extension of Megiddo’s technique
for linear programming, the optimization version of
the problem can be solved within the same asymptotic
bound. This result is based on the fact that points that
destroy the edgeeij are Delaunay neighbors of either
pi or pj .

The drawback of this algorithm is that if we want to
compute the tolerance of all the edges ofDT(S), the
complexity can grow to quadratic because we sum up
the number of Delaunay neighbors on the set of edges.
For an example, consider a setS = {p0,p1, . . . , pn}
wherep0 is the origin of the coordinate system and the
rest of the points are arranged along the unit circle (we
can slightly perturb the points if we want to assume
general position). Then, the Delaunay triangulation
contains all the edges betweenp0 and the rest of the
points. Therefore, we compute the tolerance ofeach
edgep0pi in linear time (because the degree ofp0
is n), for a total of quadratic time if we compute the
tolerance of all the edges. An alternative approach can
overcome this situation:

Theorem 2. The tolerance of all the edges of DT(S)
can be computed inO(n logn) overall time.

Proof. We recall again the known fact that if points
do not coincide, changes in the Delaunay triangulation
are always diagonal flips. We observe that the edgeeij
is also destroyed if a pointpk (k 6= i, j ) is coincident
with pi or pj , but this can easily be checked in linear
time for all the edges of the triangulation ifDT(S) is
known in advance.

Assume now that the edgeeij is destroyed by a
diagonal flip with a perturbation of sizeδij , and let
pk andpl be the points that produce the change. The
flip is produced when the pointsp′i , p′j , p′k andp′l are
on a common circleC with centerc and radiusr and,
furthermore, the pointsp′i andp′j interlace angle-wise
with the pointsp′k andp′l as seen from the center of the
circle (see Fig. 4). Because the change is the diagonal
flip that destroys the edgeeij with a perturbation of
minimum size, the circle centered atc with radiusr +
δij cannot contain any other point and thus the region
of V4(S) corresponding to the pointspi , pj , pk andpl
is nonempty. BecauseV4(S) has linear complexity and
can be computed in time O(n logn) [16], we conclude
observing that in order to compute the tolerance of all
the edges ofDT(S), we can explore all the regions
of V4(S) and, for each region, compute in O(1) the
corresponding annulus.2

It is worth noticing that, ifDT(S) is known and
its degree is bounded by a constant, the tolerance of
all the edges can be computed in linear time with a
brute force approach, using the fact that points that

Fig. 4. Illustration of the proof of Theorem 2.
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destroy the edgeeij are Delaunay neighbors of either
pi or pj . It is an open problem to decide whether the
tolerance of all the edges can be computed in linear
time in the worst case, or if the problem has�(n logn)
complexity even ifDT(S) is given as part of the input.

Another natural variation of the concept of local
tolerance would be to consider as fixed all but one
point, and compute the region where the moving point
can be perturbed without producing any changes in the
triangulation. It can easily be seen that this problem
can be solved in O(k logk) time, wherek is the
number of Delaunay neighbors of the moving point, by
constructing the arrangement of empty circles defined
by consecutive Delaunay neighbors of the moving
point.

2.2. Subgraphs of the Delaunay triangulation

The Euclidean minimum spanning tree ofS, de-
noted byEMST(S), is defined as the tree of minimum
total length whose vertices are the points ofS. Monma
and Suri [20] define thesensitivityof a set of points
in a way that we can refer to now as the tolerance of
the Euclidean minimum spanning tree of the set. They
show that the tolerance of this graph can be computed
in O(n logn) time. By reduction to the problem of the
maximum gap in a set of integers, it is easy to see that
this algorithm is asymptotically optimal ifEMST(S) is
not known, but it is an open problem to decide whether
this problem can be solved in linear time ifEMST(S)
is given as part of the input. In the rest of this section
we focus on another subgraph ofDT(S), theall near-
est neighborsgraph, which has been used as a tool for
collecting proximity information of the setS [14].

Let nn(pi) denote the nearest neighbor ofpi in
the setS. The (directed) graphANN(S) is defined as
follows: pi is connected topj if and only if pj =
nn(pi). When dealing with inexact data or moving
points, the tolerance of this structure is again a useful
tool. More generally, we say thattnn(pi) = pk if
pk 6= nn(pi) and there existsε > 0 such that for allε-
perturbations ofS, the nearest neighbor ofp′i is either
nn(pi)′ or p′k. Of course, it is not true thattnn(pi)
is the second nearest neighbor ofpi . Actually, it is
not hard to construct examples wheretnn(pi) is the
furthestneighbor ofpi in S.

Following [20], we observe that givenpi , pj
and pk with d(pi,pj ) < d(pi,pk), computing the

smallest perturbation such thatd(p′i , p′j ) = d(p′i , p′k)
is equivalent to computing the smallestε > 0 such that
the branch of the hyperbolad(x,pk)− d(x,pj )= 2ε
is tangent to the circled(x,pi) = ε. Hereafter, we
assume that this can be done in O(1) time.

In order to collect more proximity information
about the setS, we generalizeANN(S) to ANNT(S) by
connecting the pointpi to nn(pi) and totnn(pi). From
the observation in the previous paragraph, it is obvious
that the tolerance ofANN(S) can be computed in
linear time if we haveANNT(S). Now we concentrate
on how to compute this graph.

Theorem 3. If DT(S) is known, ANNT(S) can be
computed inO(n) time.

Proof. We claim thattnn(pi) is connected inDT(S)
either topi or to nn(pi). In order to prove the claim,
let ε be the size of the smallest perturbation such that
d(p′i ,nn(pi)′) = d(p′i , tnn(pi)′). We observe that the
only points ofS inside the circle centered atp′i with
radiusd(pi,nn(pi)) + ε arepi , nn(pi) and tnn(pi)
(see Fig. 5). Therefore, there exists a circle passing
throughtnn(pi) and containing only the pointsnn(pi)
and pi which proves that eithernn(pi) or pi are
Delaunay neighbors oftnn(pi).

Now, in order to conclude the proof, we only have to
observe thatANNT(S) can be constructed fromDT(S)
in linear time. This holds because each point ofS is
the nearest neighbor of at most six points ofS, and
therefore the extra work of computingtnn(pi) for each
pi ∈ S is proportional to the complexity ofDT(S). 2

Fig. 5. Illustration of Lemma 3.
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3. Concluding remarks

In this paper we have studied the concept oftol-
eranceof a geometric or combinatorial structure. Be-
cause it is so natural, it had already appeared implic-
itly in different settings, but a systematic study as the
one proposed in this paper was never carried out. We
have shown that the tolerance of the Delaunay trian-
gulation can be computed in linear time if the triangu-
lation is given as part of the input, while the problem
has2(n logn) complexity if the triangulation is not
known. We have also shown that the tolerance of all
the edges of the triangulation can be computed within
the same asymptotic bound, but it is an open problem
to decide if this can be improved to linear time if the
triangulation is given. Finally, we have studied the tol-
erance of the all nearest neighbors graph of a set of
points.

From the point of view of combinatorial optimiza-
tion, the concept of tolerance also suggests a num-
ber of problems. If we define the tolerance of a con-
vex polygon in the obvious way and interpret it as a
measure of convexity, then the following problem, pro-
posed in [2], comes to mind naturally: what is themost
convexpolygon that can be enclosed in the unit circle?
The natural conjecture is the regularn-gon, and this
has been shown to be true by Evans in [8]. In a similar
way, the following problem can be proposed: what is
the n point configuration that can be enclosed in the
unit circle that has a Delaunay triangulation of maxi-
mum tolerance?
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