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Given a polygonal object (simple polygon, geometric graph, wire-frame, skeleton
or more generally a set of line segments) in three-dimensional Euclidean space,
we consider the problem of computing a variety of “nice” parallel (orthographic)
projections of the object. We show that given a general polygonal object consisting
of n line segments in space, deciding whether it admitsogsing-freeprojection
can be done ir0(n?logn + k) time andO(n? + k) space, wheré is the number
of edge intersections of forbidden quadrilaterals (i.e., a set of directions that admits
a crossing) and varies from zero @(n*). This implies for example that, given a
simple polygon in 3-space, we can determine if there exists a plane on which the
projection is a simple polygon, within the same complexity. Furthermore, if such a
projection does not exist,rainimum-crossingrojection can be found i®(n*) time
and space. We show that an object always admits a regular projection (of interest
to knot theory) and that such a projection can be obtaingd(in?) time and space
or in O(n®) time and linear space. A description of the set of all directions which
yield regular projections can be computedOgn® logn + k) time, wherek is the
number of intersections of a set of quadratic arcs on the direction sphere and varies
from O(n®) to O(n®). Finally, when the objects are polygons and trees in space, we
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considemmonotonicprojections, i.e., projections such that every path from the root
of the tree to every leaf is monotonic in a common direction on the projection plane.
We solve a variety of such problems. For example, given a polygonal Ehaie can
determine inO(n) time if P is monotonic on the projection plane, anddn logn)

time we can fincall the viewing directions with respect to whid¢his monotonic.

In addition, inO(n?) time, we can determine all directions with respect to which a
given tree or simple polygon is monotonie: 1999 Academic Press

1. INTRODUCTION

We are frequently concerned with describing and analyzing three-dimensional (3D) r
objects in 3D space. However, we often have at our disposal only a 2D medium, ¢
as paper or a computer-graphics screen, on which to display a necessarily incom
representation or picture of the objects we are interested in. Therefore it is desirab
obtain 2D representations of our objects that approximate the real objects as faithful
possible in some sense [Kel93, Gal95]. A subfield/islializationclosely related to the
class of problems considered herggigph-drawing[DBETT94]. One of the archetypal
problems in graph-drawing consists of asking, for a given graph, a “nice” drawing of
A graph in this context is not a rigid object in 3D space but a more abstract topolog
structure which permits the shortening, lengthening, and bending of its edges to achiev
desired goal. By contrast, we are concerned with nigatrical objects in 3D space which
are composed of points (vertices) and line segments (edges) and we would like to o
“nice” projectionsof these objects on some plane that will afford them.

We are concerned here witfarallel (orthogonal) projections [FvDFH90] rather than
perspective projections. Parallel projections may be considered as perspective projec
in the limit as the view point approaches a location infinitely far away from the obje
being viewed. Intuitively, we may think of our object as a wire-frame sitting in 3D spa
above the horizontaty-plane, and the parallel projection of the object onxiigplane as
the shadow cast by the wire frame when a light source shines from a point infinitely f
along the positive-axis. Obtaining “nice” parallel projections of an object then reduce
to the problem of finding a suitable 3tation for the object such that its shadow on the
Xy-plane contains the desired properties.

To date such problems have received scant attention in the computational geometi
erature. When the objects are convex polyhedra (solid bodies) several questions have
explored. For example, a problem of interest in robotics concerns the determinatio
whether a convex polyhedrdd may be translated through a “door” that has the shape
a convex polygon. Geometrically this problem reduces to determining if the polyhed
has a shadow that fits in the door [Str82, Tou85]. Algorithms have also been found
determining the projections of a convex polyhedron that minimize or maximizerdse
of the shadow that the polyhedron makes on a plane when placing a light source at inf
[MS85, BGK95]. In computer graphics, good projections for radiosity computation ¢
those that yield the most number of facets visible from the viewpoint [Col90]. On the ot
hand, when the objects are 3D polygonal objects (skeletons or wire-frames) very littl
known. Hirataet al. [HMTT94] give bounds on the worst-case combinatorial comple
ity of the simplest projections of the skeletons of 3D convex subdivisions onto a pla
Such simple projections have application in the design of efficient 3D point location qu
algorithms [PT92]. Closer in spirit to the work presented here, Kamada and Kawai [KK
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present arO(n®logn) time algorithm for computing the projection of a wire-frame that
in a sense, maximizes the projected minimum distance between parallel segments. Fil
Bhattacharya and Rosenfeld [BR94] have studied a special class of orthographic pre
tions called Wirtinger projections for 3D polygons. Independent of this work, Bareqt
et al.[BDE96] studied orthographic projections for the special case of simple polygons

In the work presented here the objects considered are polygonal structures in 3D. ¢
objects include sets of disjoint line segments, 3D simple polygons, knots, trees, and r
generally, sets of segments in which the segments may touch each other at their end p
such as skeletons of 3D Voronoi diagrams or other subdivisions such as those in [HMTT
There are many specific geometrical characteristics of the vague notion of the “nicenes
a projective drawing of an object. Some of these are more desirable than others, depel
on the application in mind. One requirement of “nice” is that all the significant featur
of the 3D object should be visible in the projection. In other words, no vertex should
behind another, no edge should look like a vertex and no edge should hide another e
Furthermore, no three edges may have an interior pointin common. This type of project
closely related to Wirtinger projections [BR94], is useful in visualizing knots, and in kn
theory is called aegular projection [Rei32, Liv93]. Another requirement for effective
visualization issimplicity. One measure of simplicity is the number of crossings of edges
the projection. Itis desirable to obtain the projection that minimizes the number of crossir
We will refer to such projections asinimum-crossingrojections. If the minimum number
of crossings is zero we call such projectiarsssing-freeIn some applications we may
have a 3D directed tree as an object of interest. Such a tree may represent a system of
in the human brain for example, where the direction of an edge represents the directic
blood flow in the corresponding vein segment. Here it is of interest to determine if th
exists a projection such that all the directions of the edges of the tree are monotonic
increasing in a specified direction on the projection plane. In general we call such project
monotonigprojections. More specifically, a projection is monotonic if the projected imag
on the projection plane is monotonic. A planar polygonal chain is monotonic if there exi
a direction such that every line orthogonal to this direction, that intersects the chain, yit
a point as the intersection. A planar polygon is monotonic if it can be partitioned into t
chains, each of which is monotonic with respect to the same direction. A tree is monoton
it contains a root and a direction such that all paths from the root to the leaves are monot
with respect to that direction. In this paper we investigate the above four types of projecti
for objects which are sets of disjoint line segments, simple polygons, polygonal chains,
trees.

We should add here that the notions of minimum crossing drawings and monotc
drawings are classic visualization problems that have been well studied in the conte
graph drawing [DBETT94]. The general question, given a graph, can one find an embed
in the plane that minimizes the number of crossing edges, is NP-complete [GJ83]. In
this problem is also NP-complete for a variety of special cases [SSV94]. A lot of work t
been done for drawing graphs in a monotonic way in the plane. These drawings are kn
in the graph-drawing literature agpward planardrawings. Computing an upward planar
drawing of a graph refers to the general problem of determining for a given directed gre
whether it can be drawn in the plane such that every edge is monotonically increasing ir
vertical direction and no two edges cross. This problem is NP-complete, as is the prok
of deciding if an undirected graph can be drawn in the plane such that every edge
horizontal or vertical segment and no two edges cross [GT95].
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In this paper, we consider the most general polygonal object, i.e., a set of disjoint
segments. We show that given a sehdihe segments in space, deciding whether it admi
a crossing-free projection can be done€d(m? logn + k) time andO(n? + k) space, where
k is the number of edge intersections of forbidden quadrilaterals (i.e., a set of directions
admits a crossing) arkl= O(n%). This implies, for example, that given a simple polygor
in 3-space we can determine if there exists a plane on which the projection is a sir
polygon, within the same complexity. Furthermore, if such a projection does not exis
minimum-crossingrojection can be found i®(n%) time and space.

We show that a set of line segments in space (which includes polygonal objects
special case) always admits a regular projection (of interest to knot theory) and that st
projection can be obtained i@ (n?) time and space or i®(n®) time and linear space. A
description of the set of all directions which yield regular projections can be compute
O(n®logn + k) time, wherek is the number of intersections of a set of quadratic arcs on t
direction sphere and varies froB(n®) to O(n®). Finally, when the objects are polygons anc
trees in space, we considapnotonigrojections, i.e., projections such that every path fror
the root of the tree to every leaf is monotonic in some direction on the projection plane.
solve a variety of such problems. For example, given a polygonal éhaire can determine
in k= 0O(n) time if P is monotonic on the projection plane, andd{n logn) time we can
find all the viewing directions with respect to whighis monotonic. In addition, if©(n?)
time, we can determine all directions with respect to which a given tree or a given sin
polygon is monotonic.

2. REGULAR AND WIRTINGER PROJECTIONS

Let S be a set oh distinct and disjoint line segments E°* specified by the Cartesian
coordinates of their end-points (vertices)fand letH be a plane. Les, be the parallel
projection ofSonto H. A parallel projection ofSis said to beegularif no three points of
Sproject to the same point dd and no vertex o5 projects to the same point dt as any
other point onS[Liv93]. This definition implies that for disjoint line segments (1) no poin
of S corresponds to more than one vertexsp{2) no point ofS; corresponds to a vertex
of Sand an interior point of an edge 8f and (3) no point o5y corresponds to more than
two interior points of edges @&. Therefore the only crossing points (intersections) allowe
in a regular projection are those points that belong to the interiors of precisely two ec
of S. This condition is crucial for the successful visualization and manipulation of kn
[Liv93]. Knots are defined as polygons in 3D and are special cases of sets of line segm
where not all segments are disjoint. Note that a vertex, where two edges are joined tog
in the case when the line segments form a 3D polygon, counts as (not two but) one ve
Regular projections of 3D polygons were first studied by the knot theorist Reidemei
in 1932 [Rei32] who showed that all 3D polygons admit a regular projection and, in f
almost all projections of polygons are regular. This result was rediscovered by Bhattach
and Rosenfeld [BR94] for a restricted class of regular projections knowwidgmger
projections. Regular projections allow two consecutive edges of a 3D polygon to proje
two collinear consecutive edges bin Therefore some shape features of the polygon are Ic
inregular projections. For visualization applications this may not be desirable. Those rec
projections in which it is also required that no two consecutive edges of the 3D poly:
have collinear projections, are known\Afrtinger projections. The above authors did not
address the algorithmic complexity of actually finding regular or Wirtinger projections.
this section we study the complexity of computing a single regular or Wirtinger projecti
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as well as constructing a description of all such projections for the more general in|
consisting of disjoint line segments. These results include therefore results for 3D che
polygons, trees, and geometric graphs in general. The description of all projections allow
to obtain regular or Wirtinger projections that optimize additional properties. For examy
one may be interested in obtaining the most tolerant projection, in the sense that it maxirr
the deviation of the viewpoint required to violate the regularity property. We begin |
showing that every set of disjoint line segments always admits a regular projection.

Lemma 1. A set of line segments in space always admits a regular projection.

Proof. We first consider the case of a point in the projection coming from three or mc
points ofS. A line that intersects three or more line segments determines a forbidden di
tion of projection. These lines constitute the family of transversals of three line segme
Let us consider the lines going through the line segmen®& dhe set of transversals of
any three of these lines forms:

1. ahyperboloid of one shesthen the lines are skew and not parallel to a commo
plane,

2. ahyperbolic paraboloidvhen the lines are skew and parallel to a common plane,

3. two planedf two of the lines meet at a point,

4. aplaneif two of the lines are coplanar and the third one intersects the plane.

Transversals are well-studied objects and the reader is referred to [Bor69, HCV83, AW
for proofs of the above facts. Any of the three surfaces is ruled and generated by a uniy
metric family of lines. Let us analyze the structure of the set of directions given by the
surfaces:

1. If the surface is a hyperboloid of one sheet, then its canonical equation is

XZ y2 ZZ
? ﬁ—gzl, a,b,C;éO. (1)

Substituting

x2 y? X y . 2 Ix y 2
ot = (Seosty+ Lsin®) + (Zsint) - ¥ cos))
into Eq. (1) yields

2 ZZ

2
<g cost) + %sin(t)) —+ (g sing) — %cos()) 2= 1

2

2 2
= <§ cosf) + % sin(t)) — é =1- (g sing) — %COS([))

X . y
2 sint) — b cost) =1,

= X y . Z (2)
3 cost) + b sint) — c= 0.

Equation (2) yields two planes whose intersection is a line contained in the hyperboloi
one sheet. Asvaries in the interval [02rr], the uniparametric family of lines is generated.
The cross product of the normal vectors of the planes given by Eq. (2) produces the direc
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of the generating lines:

<1cos() 1sm(t) 1) <1S|n(t) 1cos@) O) <b_10 cos¢) 1 sm(t) 1)

As can be seen, the above set of directions determines an elliptic cone.
2. If the surface is a hyperbolic paraboloid, then its canonical equation is

X2 y2

;—EZZZ, a,b;ﬁO. (3)

If we set

and substitute this expression into Eqg. (3), then two planes are obtained:

x* y? X Y\ (XY
2 _r 2 2 (2+2)=2
az  b? 2= (a b) (a + b) 2=

Il
:—F

O X X

+
Tl oI

2z 4)
t

Again, they intersect each other, giving rise to the corresponding family of lines whi
directions are contained in a plane and given by

1—10 1—1—2_222
a b ) \av t) \btatapn/)

3. If the surface is a plane, the generating lines are constructed by taking all the |
contained in a plane through a given point.

The directions specified by these lines, when represented on the sphere of dirggtior
give rise to either ellipses or great circles. Since we restricted ourselves to line segn
instead of lines, the forbidden directions consist of arcs of ellipses or great circles.

We now turn our attention to the case in which a verteSisf projected onto another line
segment (cases 2 and 3 of the definition). The forbidden directions are formed by the
transversals of a vertex and a line segmentsieta; b; ands, = ayb, be two segments i§.
The directions that projeet; ons,, for example, are given by the lines going throagland
any point ofs,. Those lines are contained in the triangular wedge determinag by, and
a, (referto Fig. 1). For each vertex, the line segment that does not contain it determines:
other wedges. On the sphere of directions, such wedges produce a quadrilateral com
of arcs of great circles. Finally, a vertex can be projected onto the line segment to whi
belongs. The line through the segment is the only transversal and a forbidden point re
on the sphere.

The forbidden directions are composed of a finite number of arcs of measure zero o
sphere and therefore cannot cover il

To compute a regular projection of a set of line segments, or a description of all
directions that admit a regular projection, one may in theory compute the arrangeme
the O(n®) arcs on the sphere. However, the intersection of two quadratic surfaces yi
arcs on the sphere that are space curves of degree four, and computing the arrangen
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FIG. 1. Forbidden quadrilaterals.

such curves is difficult in practice. A much better approach is to project these arcs from
sphere to the plane= 1, since then we only need to compute the arrangement of a self
guadratic arcs on the plane (see Harris [H92] for a proof).

THeEOREM1. Given a set of line segments in spaagegular projection can be obtained
in O(n®) time and linear space.

Proof. To compute a direction of regular projection we need to choose a point on |
plane of directions such that it neither belongs to an edge of the arrangement nor
forbidden point. Here we present an algorithm for computing a set of regular directic
(refer to Fig. 2):

1. Form the set of all forbidden arcs of directions that go through the north péle
and are given by two segments&fIf L is empty, pick any poin@Q on the plane=1 and
go to step 3.

2. Find two consecutive elementslirwith distinct slopes; ands,. Construct a segment
NQwith slope betwees, ands,.

3. Intersect all forbidden directions not Inwith NQ. Among all intersection points,
pick the point closest ttN. Let R be that point.

4. Exit with NRas an open segment of regular directions.

We turn to the correctness of the algorithm. SupposeNRtontained a poinp giving
a nonregular projection. Such a pomtould not be an isolated point. If it were, it would

L )

o
A [

FIG.2. Computing a regular direction i®(n®) time and linear space.
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come from an intersection of forbidden points or quadratic curves or segments not pat
to NR However, step 3 of the algorithm rules out such a possibility. Therefore, poini
cannot be isolated and there must exist a line segment of forbidden directions contain
NR That segment must contald since in step 3, again, segments not going throbigh
were disregarded. This contradicts the fact thRthas a different slope from any segmen
going throughN.

The setL need not be actually constructed; it is sufficient to enumerate its eleme
Therefore the above algorithm uses only linear spaiik.

However, the time complexity of this algorithm can be reduced f@n®) to O(n?) at
the expense of increasing the space complexity féx(m) to O(n?), as we now demonstrate.

THEOREM2. Given a set of line segments in spaagegular projection can be obtained
in O(n?) time and space.

Proof. As in the above algorithm, we first compute segmé@tand next obtain all the
intersection points betweeéyiQ and all the curves of degree one not going throbgh

Let Q' be the intersection point closest kb The segmenNQ is not necessarily free
of forbidden directions, since the quadratic curves have not been taken into account y
quadratic curve which goes throufjhcertainly has to be considered since it could interse
NQ. Now let us compute the projection & onto thexy-plane and its corresponding
arrangemen®A(S) (refer to Fig. 3). All quadratic curves going throughare determined
by the O(n?) concurrent segments in the arrangem&{). Let us intersect such quadratic
curves withNQ so a new line segmemMQ’ is obtained. From the remaining quadratic
curves, only those given by the segments of triangular faces in the arranga(&htave
to be considered. Indeed, if we move along segmit, then the first intersection point
encountered with a curve must come from three segments forming a triangular face. Suy
this is not the case. Then three segments that did not form a triangular face would bec
concurrent. However, for this to happen, at some point one of their vertices must |
been contained in another segment. This is a contradiction since such a case has a
been ruled out by the construction NfY’. Finally, we intersect all the quadratic curves
determined by the triangular faces X(S) and compute the poirR closest to the north
pole N. SegmeniRis the desired open segment of regular directions.

Since the number of triangular faces X(S) is O(n?), the total time complexity is
alsoO(n?). As for the space complexity, the arrangema($) can be stored usin@(n?)
space. H

TrHeorem 3. A description of the set of all directions which yield regular projection
can be computed in @3 logn + k) time, where k is the number of intersections of the arc
on the direction sphere and= O(n®).

Q A(S)

FIG. 3. Computing a regular direction i®(n?) time and space.
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Proof. In order to compute a description of all regular directions we could use seve
of the existing optimal segment-intersection algorithms for computing the intersectior
a set of arcs on the plane. The algorithms of Chazelle and Edelsbrunner [CE92] or Am
Goodrich, and Ramos [AGR95] do not appear to be able to be modified to handle quad
curve segments. However, recently Balaban [Bal95] discovered an optimal algorithm:
computes all intersections of quite general curves, including quadratics, that has time
space complexitie®(nlogn + k) and O(n), respectively, wherk is the number of inter-
sections among the curves. By using his algorithm, we achieve the desired time and s
complexities. W

One may wonder if it is worth using the optimal quadratic curve segment intersect
algorithm of Balaban in practice, given that there is a suboptimal but very simple algorit
due to Bentley and Ottman [BO79] that also handles quadratic curve segments anc
time and space complexitiegd(nlogn+ klogn) and O(n), respectively, wherd& is the
number of intersections among the curves. Balaban has conducted experiments comg
his optimal algorithm to the Bentley—Ottman algorithm for as many as 4000 segme
and the latter algorithm was twice as fast. In fact, Balaban suggests that in practice
suboptimal algorithm should be used unless the number of segments is at least 200,0

Recall that a Wirtinger projection [BR94] of a 3D polygon is a special type of regul
projection in which no two adjacent edges project to a pair of collinear edges. We can
the above approach to compute Wirtinger projections of polygons also.

THeorem4. Given a polygon P in spaca Wirtinger projection of P can be obtained
in O(n% time and Qn) space. A description of the set of all directions which yield :
Wirtinger projection of P can be computed in(i@ logn + k) time, where k is the number
of intersections of arcs and great circles on the direction sphere aadkn®).

Proof. For Wirtinger projections we have, in addition to tgn®) forbidden curve
segments on the direction sphere, a set aflditional forbidden great circles. Each pair of
adjacent edges of the 3D polygon yields a plane that contains them. Translate this pla
the origin and intersect it with the sphere of directions. This intersection is a forbidden gt
circle of directions, since for each view point on this circle the two adjacent edges apy
to be collinear. In total we still hav®(n®) forbidden curve segments and great circleill

3. MINIMUM-CROSSING PROJECTIONS

A projection with many crossings is more difficult to visualize than one with few cro
sings. Consider Figs. 4 and 5 that show different projections of the veins in the human b
The projection in Fig. 5 has fewer crossings than the other. Therefore, it is of interes
compute minimum-crossing projections.

Whereas a regular projection of a set of line segments always exists, this is not tru
crossing-free projections. To establish this it suffices to construct a counterexample
three line segments very close to each other and parallel to the three orthogonal ax
the Cartesian coordinate system. Here we are interested in computing a descriptic
all the directions (if any exist) that admit crossing-free projections. Furthermore, if
crossing-free projections exist we are interested in finding projections that minimize
number of crossings. Minimum-crossing projections are also of interest in knot the
The number of crossings in the projection with the minimum number of crossings
called thecrossing numbeof a knot. Recall that for graph-drawing problems, obtaining
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FIG. 4. Aside view of the veins in the brain.

minimum-crossing drawing is NP-complete [GT95, SSV94]. By contrast, for the project
drawing versions of these problems we provide polynomial time solutions.

Lemma 2. A set of disjoint line segments in space admits a crossing-free project
iff there exists a point on the sphere of directions that it is not covered by a forbidc
quadrilateral.

Proof. Given two line segments (edges 8f in E3, all directionsd that result in a
non-crossing-free projection & in which we have a point d&; that corresponds to two
points of different edges df, are specified by the family of line transversals of the tw

FIG.5. Atop view of veins in the brain.
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edges in question. IE® two edges oByield a tetrahedron as a description of this family of
transversals. (Again referto Fig. 1.) This tetrahedron in turn determines four great-circle
the unit sphere of directions that define a pair of antipodal convex spherical quadrilatel
Thus each pair of segments 8fyields a pair of antipodal spherical quadrilaterals on thi
direction sphere that correspond to a set of directions which results in a crossing occul
between these two line segments. Such quadrilaterals are téarhttien Then a crossing-
free direction of projection must correspond to a point which is outside of any forbidd
guadrilateral. Conversely, a point belonging to any forbidden quadrilateral must giv
projection with at least one crossingll

We proceed by solving the problem of deciding whether a set of line segments adm
crossing-free projection.

THEOREM 5. Given a set of n line segments in spadeciding whether it admits a
crossing-free projection can be done in(f@logn + k) time and Qn? + k) space where
k is the number of edge intersections of forbidden quadrilaterals and¥n*).

Proof. The setofO(n?) forbidden spherical quadrilaterals given by all pairs of segmen
in E3 determines a spherical arrangement on the sphere of directions. Instead of represe
all directions in 3-space by the sphere of directi®swe will represent all directions in
E® by points on the surface of the axis-parallel c#2; centered at the origi®, and with
edge length 2. A poinp on AC represents the directiddp. Notice that on each face the
intersection of the forbidden quadrilaterals is either a convex set or the empty set. Altho
this representation is not standard, it will allow us to use many algorithms which only wt
for straight-line polygons. To determineSfadmits a crossing-free projection then reduce
to the problem of determining if the transformed straight-line quadrilaterals cover the cL
We can do this by computing tlentour of the uniof these quadrilaterals. Note that the
union may not be simply connected (i.e., it may contain holes); however, if the contoul
the union is empty, then there is no direction that yields a projection without crossings (|
every point on the cube is covered by at least one quadrilateral).

Several algorithms have been developed for computing the contour of the union
set of polygons. Some of these [SBS92, CNL89, NP82] are customized versions of
Bentley—Ottman line segment intersection algorithm [BO79]. All of them compute t
entire arrangement induced by the quadrilaterals and assign to each face in the arrange
the number of quadrilaterals that intersect it. Faces numbered with zero form the con
of the union. Nievergelt and Preparata [NP82] present a version of the algorithm tailc
specifically for convex polygons whose time and space complexiti€®@réogn + k) and
O(n), respectively, whera is the number of edges in the polygons &nd the number of
intersections of the edges. Souvaine and Bjorling-Sachs [SBS92] propose another algo
that computes the contour of the union from teetical mapby using topological sweep in
time linear in the size of the map. This algorithm achieves the same time and space bo
as the algorithm of Nievergelt and Preparata [NP8I.

If a set of line segments does not admit a crossing-free projection it is of interes
compute the projection that minimizes the number of crossings. To solve this probl
we can proceed in a manner similar to that described above, but this time we searcl
entire arrangement to find the region covered with the minimum number of quadrilater
Therefore we have the following result.

THeorem 6. Given a set of n line segments in spaaeminimum-crossing projection
can be found in @*) time and space.
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Besides the obvious application of minimum-crossing projections to visualization,
mention here that they also have applications to point location problems in 3D. Consic
3D convex subdivision of space. Recall that the point location algorithm of Preparata
Tamassia [PT92] projects the skeleton of the subdivision ontgyHptane to obtain a new
planar subdivision with additional vertices at all intersection points. This planar subdivis
is then preprocessed for planar point location before doing binary search ndithetion.
We can apply our algorithm to the original subdivision to minimize the memory requir
by the planar point location portion of their algorithm.

4. MONOTONIC PROJECTIONS

The general notion of monotonicity is another characteristic of polygonal objects f
aids in their visualization. In fact, projections that preserve monotonicity of trees fi
application in medical imaging (see Semnal.[SLG94]). Veins and arteries in the body are
3D tree-like structures that sometimes are monotonic, and preserving this monotonicity
in visualization. A simple polygonal chain in 3D may not admit a crossing-free projecti
but it may admit a projection which is monotonic in some direction. Here we are interes
in answering questions such as: does a given structure admit a monotonic projectic
some unspecified direction? Such problems closely resemble the NP-complete pro
of determining for a given directed graph, whether it can be drawn in the plane s
that every edge is monotonically increasing in the vertical direction and no two ed
cross [GT95]. Again, by contrast we provide polynomial time solutions to a variety
similar orthographic projective versions of these drawing problems. First we consider
monotonicity of polygonal chains i&3. Specifically, we address three questions. Given
polygonal chainP and a directiord, is P monotonic with respect to directiaif? Recall
that a polygonal chair® =vq, vy, ..., v, iS monotonicin directiond, provided that the
intersection ofP with every plane with normad is empty, or a point. We show how to
answer this question i®(n) time, wheren is the number of vertices d?. Next, given a
polygonal chairP, we ask ifP is monotonic in some direction? We present an algorithm th
determines whether a polygonal chain is monotoni@o{n) time. Finally, given a polygonal
chainP, it is of interest to determinall directions of monotonicity oP. We show how to
compute all the directions with respect to whitis monotonic inO(nlogn) time.

Given two pointsa andb, let ab denote the vector directed froeto b. A plane can
be defined by a poinp contained in that plane and the normal veatoof the plane.
Given a pointp and a vecton, the plane defined by them is denoted Byp, n). Given
a planeh = H(p, n), we define the two half-spaces determined by this plane as follov
The open and closed half-spadesare defined agx | px-n > 0} and{x | px-n> 0}, re-
spectively. Similarly, the open and closed half-spdcesare defined agx | px - n < 0} and
{x]px-n <0}, respectively. Henceforth, all half-spaces are open unless explicitly sta
otherwise. To avoid ambiguity and simplify the discussion, we adopt the convention thi
P is monotonic in directiom, thenv; is a minimum forP with respect tal. We first address
the question of deciding whether a polygonal chain is monotonic in a given direction
key property of chains monotonic with respect to directios that their subchains are also
monotonic with respect td.

The above implies that it suffices to determine all directions with respect to wh
a line segment is monotonic in order to compute all directions for which a polygo
chain is monotonic. Now a line segment is monotonic in every un-oriented directi
except those perpendicular to the line segment. By our convention, we are interest
the oriented directions where line segmeab][is monotonic anda is minimum with



DRAWING NICE PROJECTIONS IN SPACE 167

respect to the given direction. The poimtis a minimum with respect to all directions
D={d|d-ab>0}. Leth=H(O, ab) (whereO is the origin). It follows that all directions
for which [ab] is monotonic can be represented by the intersection of the half-¢pace
with the unit spheres? that represents all directions in space (the sphere of direction
Given a polygonal chail® = vy, v, ..., vy and a directiord, we would like to determine
if P is monotonic with respect td. We simply verify that each of the line segments of
P =[v1, v2], [v2, va], ..., [Un-1, vn] is MONOtoNic with respect W, i.e., thatvjv; 1 - d > 0.
We conclude with the following.

THeorem 7. Given a polygonal chain P and a directiah in O(n) time, one can
determine if P is monotonic with respectdo

We can determine if a polygonal chaih= vy, v, ..., v, iS monotonic with respect to
some direction in the following way. Léf" represent the half-space determined by the plar
H(O, vivi11). Let D be the intersection of thiet over alli. Then the set of all directions
for which P is monotonic is described By N S?. Determining ifD, the intersection of a set
of half-spaces is nonempty can be accomplished in linear time using linear programn
[Meg83]. If the intersection of the halfspaces is nonempty, then it also intersects the sp
of directions. Therefore we conclude with the following.

THeorem 8. Given a polygonal chain Pone can determine if P is monotonic in(19)
time.

As noted above) N S? describes the set of all the directions from whigis monotonic.
Since the intersection of a set of half-spaces can be compu®¢nifogn) time [PS85],
we conclude with the following.

THeorem 9. Given a polygonal chain Pone can determine in @ logn) time all the
directions with respect to which P is monotonic.

Now we turn to the monotonicity of simple polygons and tree&€ The polygonal
chains, simple polygons and treesHh are all graphs embeddedH?. In order to continue
the discussion in this more general setting, we defigexmetric graphA geometric graph
is a two-tuple ¥, E), whereV is a finite set of distinct points in general positionfs#,
andE is a family of closed straight-line segments with endpoint¥inThe elements of
V andE are calledverticesandedgesrespectively. For more definitions and terminology
concerning graphs, the reader is referred to [BM76]. In the previous section, the geom
graphs that we considered were paths. In this section, we concentrate on trees and ¢
(polygons). We begin by describing some properties of geometric graphs. Given awert
of a geometric grapks, we denote the set eflgesadjacent tov by EA(v).

Observation 1. Vertex v is a minimum with respect ta for EA(v) if and only if
Vee EA(v), v is a minimum with respect td for e.

Given a vertex of a geometric grapks, we denote byMD(v) the set of directions for
whichv is a minimum for the seEA(v). Lete=[vv;] be an edge ifcA(v). By ewe denote
the vectonv;. Leth(e) = H(O, e). We see thatiD(v) is the intersection dfi(e)™ over alle
contained iIrEA(v). A vertexv of a geometric graph isgroper local minimumwith respect
to directiond, provided thatv is a minimum for the seEA(v) in directiond. A vertexv
is a local minimum with respect to directiahif Ve € EA(v) the edgee is contained in the
closure ofH * (v, d).

We now address several questions concerning the monotonicity of trees. Suppose w
given a rooted tre@ and a directiord. The first question we address is to determing if
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is monotonic in directiord. Notice that two things are specified in this question, rtra

of the tree and the proposédectionof monotonicity. The next four questions we addres
are the following: (1) Given a rooted trdg does there exist a directimhwith respect to
which T is monotonic?; (2) Given an unrooted tr€eand directiond, does there exist a
vertexv € T such thafl rooted atv is monotonic with respect W?; (3) Given an unrooted
treeT, does there exist a directiarand a vertex € T such thafl rooted at is monotonic
with respect?; (4) Given an unrooted tré®, find all verticesv € T and directionsl such
thatT rooted atv is monotonic in directioml.

Recall that a tred is called arooted treeif a unique vertexv of T is specified as its
root; otherwise the tree isnrootedor free A rooted treeT is monotonic in directiord,
provided that the path from the root to every vertex is monotonic in directidrhe key
behind the efficient solution of all above-mentioned problems depends on the follow
characterization of the monotonicity of rooted trees.

Lemma 3. Arooted tree T is monotonic in directi@hif and only if the rootr of T is a
proper local minimum and no other vertex is a local minimum with respect to diredtion

Proof. (=) AssumeT is monotonic with respecti. If r is nota proper local minimum
then at least one root to leaf pathliris not monotonic. Suppose there exists a vertekT
that is not the root, such thais a local minimum. Leh = H (v, d). We see thaEA(v) must
be inthe closure di* sincev is a local minimum with respect th Let P be the unique path
fromr tov in T. P must be monotonic sinCE is monotonic. Also, the roatis a minimum
andv is a maximum forP with respect to directiom, by the convention of monotonic
paths. ThereforeR — {v} must be contained in~. Letv; be the vertex precedingin P.
Sincev; is adjacent ta, we see thatfvj] € EA(v). But this implies thativ; ] is contained
in the closure oh™ which contradicts the monotonicity &f.

(«) Given a vertex, we will represent the plame- H (v, d) by h,. Assume that the root
r of T is the only proper local minimum and no other vertexas a local minimum. Leb
be an arbitrary vertex of . We will show that the patf® fromr to v must be monotonic in
directiond. Let the pathP = {vi(=r), vo, ..., vk_1, vk(=v)}. SupposeP is not monotonic
with respecttal. Letv; (1 <i <k) be the first vertex oP such that{; _1v;] is not monotonic
with respect tal. Thenv; _; must be contained in the closurehjf. Sinceuw; is not a local
minimum andT is acyclic, there must exist a vertexin EA(v;) different fromuv;_1, such
thatv; is contained irh, . Similarly, sincev; is not a local minimum, there must exista
in EA(vj) different fromvj, such thaby, is contained ir‘n;J . By continuing this argument,
it follows that since there are only a finite number of vertice jrihere must be a vertex
v such thaEA(vy) is contained in the closure off, contradicting the fact that no vertex
of T other than the root is a local minimuml

Suppose we are given a tréea rootr of T, and a directionl, and we want to determine
whetherT is monotonic with respect td. By Lemma 3, since is the only proper local
minimum and no other vertex is a local minimum with respedt tthe directiord cannot be
contained in the closure MD(v) for all vertices ofT other than the root. SinddD(v) is an
intersection of half-spaces, determining whether or not a diredtisrtontained irMD(v)
can be done i®(|MD(v)[) time. ButO(|IMD(v)|) is O(|d(v)|), whered(v) is the degree of
v in the treeT . Therefore, since the sum of the degrees of the vertices of a tree is linez
the number of vertices of the tree, we conclude thaD(n) time (wheren is the number
of vertices ofT) we can determine if a rooted tree is monotonic in a given direction

THeorRem 10. Given a rooted tree Tand a directiond, one can decide in () time if
T is monotonic with respect th



DRAWING NICE PROJECTIONS IN SPACE 169

Suppose next that the root of the tree is no longer specified. Then, to deterfine if
monotonic in directiord, we must first find a root. By Lemma 3, the root must be the onl
proper local minimum with respect to directidrand no other vertex is a local minimum.

Therefore, there must exist exactly one vemtesf T such thad is contained irVID(r)
which becomes the root. All other verticef T must have the property thdtis not in
the closure oMD(v). Again this can be determined in linear time. Therefore, we concluc
with the following.

THeorem11. Given an unrooted tree T and a directionahe can decide in () time,
where n is the number of vertices ofiTthere exists arootr of T such that T is monotonic
with respect tal.

As before, we use the cul®C for representing directions of projection. Now, suppos
that the rootr of T is specified but the direction is not. Férto be monotonic in some
directiond, we see thatl must be inVID(r) but outsideMD(v) for all verticesv of T. This
problem is, in fact, as difficult as the general problem where, given an unrooted tree
one needs to find all possible roots and directions for whide monotonic. As such we
will present the solution to the general problem below. The intersectidtD{fy) andAC
represents the set of directions for whicks a proper local minimum. SinddD(v) is the
intersection of a set of half-spaces, the intersectiddib{v) with a facetF of ACis either
empty, the facet itself, or a convex polygon. For each f&gaif AC (1 <i <6) and each
vertexv; of T (1< j <n), we compute the intersectidfi, j) = MD(vj) N F;. Oneach facet
Fi, notice that the sel; ={I (i, j) | 1< j <n} is simply a collection of convex polygons.
This collection of polygons has the following property. If a point F; is contained in the
interior ofk polygons of the sel, then there ark vertices ofT that are local minima with
respect to the directioBp and each of the vertices that are proper local minima is identifie
by the polygon which contair®p. That is, if p is contained in polygom(i, 3) then vertex
v3 is a proper local minimum with respect to directiop. Therefore, to determine if there
are any directions with respect to whighis monotonic, we want to determine if there are
any regions in each facé} (1<i <6) that are covered by only one polygon of the se
li (1<i <6).Infact, we want to find all regions that are covered by only one polygon. Tt
set of regions represents the set of all the directions and roots from Whgmonotonic.

Let A; represent the subdivision induced on fa€etby the set of polygong;. This
subdivision can be computed deterministicallydin log n + k) time, wherek is the total
number of intersection points of all polygonslinThe complexity ofA; is O(n?). Consider
the graphG; for every cell ofA;, and an edge between two nodes if the corresponding ce
are incident to the same edge A&f. The graphG; is known as the planar dual graph of
A (see [BM76] for more information on duals of planar graphs). The g@phasO(n?)
nodes and edges. Start at any nadef G; and compute irD(n) time how many polygons
of I; cover it. Store this number withy. Start froma; with a depth-first search. Every edge
(ar, am) we traverse corresponds to going inside or outside a polygdn of which case
we take the number ady and add or subtract one from it and assign this numbeg,to
Thus, the whole process of assigning values to nod&; etin be done i©(n?) time. Let
M; represent the set of nodes with the minimum number assigned to it. If this numbe
one, then each of the cells represented by a nodé, irepresents a set of directions and
a root from whichT is monotonic. The root of is specified by the vertex generating the
convex polygon covering the cell.

THeorem 12.  In O(n?) time, we can determine all directions and roots with respect t
which T is monotonic.
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Consider now the problem of determining the monotonicity of a simple polygd¥in
We begin with a few definitions. A simple polygoni? is a geometric graph that is a cycle.
A simple polygonP is monotonic in directiom, provided there exist two vertices v of
P such that both paths fromto v are monotonic in directiod. The characterization of
monotonicity of simple polygons i&?2 is similar to that of trees and, therefore, the solutiol
for trees is applicable in this case. Therefore, we conclude with the following.

CoroLLARY 1. Given a simple polygon P in¥and a directiond in O(n) time it can be
determined if P is monotonic with respectdo

CoroLLARY 2. Given a simple polygon P in¥in O(n?) timg, we can determine all
the directions with respect to which P is monotonic.

5. CONCLUSION

Our results on regular and minimum-crossing projections of line segments have imm
ate corollaries for polygonal chains, polygons, trees, and more general geometric gray
3D, since these are all special cases of sets of line segments. Our results also have aj
tion to graph drawing for knot-theorists. Liétbe a knot withn vertices. To study the knot’s
combinatorial properties, knot theorists obtain a planar géaphlled the diagram df by
a regular projection oK. Many of their algorithms are applied ®, and therefore, their
time complexity depends on the space complexitgsgoBy combining our algorithms we
can obtain regular projections with the minimum number of crossings, thereby minimiz
the time complexity of their algorithms.
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