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Abstract

Given a set of points S = {p1,...,pn} in Euclidean d-dimensional space, we address
the problem of computing the d-dimensional annulus of smallest width containing the set.
We give a complete characterization of the centers of annuli which are locally minimal in
arbitrary dimension and we show that, for d = 2, a locally minimal annulus has two points
on the inner circle and two points on the outer circle that interlace angle-wise as seen from
the center of the annulus. Using this characterization, we show that, given a circular order
of the points, there 1s at most one locally minimal annulus consistent with that order and
it can be computed in time O(nlogn) using a simple algorithm. Furthermore, when points
are in conver position, the problem can be solved in optimal ©(n) time.

1 Introduction

Let S = {p1,...,p,} be a set of n points in E? and let d(z,y) denote the Euclidean distance
between points # and y. If we denote by F the family of hyper-spheres in E?, the problem of
finding the optimal Tchebyshev fit of .S with a hyper-sphere can be formulated as a min-max
problem, that is, finding

i d(p; .
min max d(pi,7)

The problem can be formulated in a more geometric setting in the following way: we shall call
d-annulus with center at ¢, inner radius r1 and outer radius ro, denoted A(c, r1,2), to the locus
of points between two concentric spheres of radius r; and ry, that is,

Ale,ri,rg) = {2 € DG | 1 < d(z,c) <ra}.

The width of the annulus is w = ro — ry and the problem that we address here is to compute
the annulus of smallest width containing the set S. If we define the function Rg(z) as the
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difference of distances between the furthest and the closest neighbor of z in S, we say that an
annulus is locally minimal if its center is a local minimum of Rg(z) and the problem of finding
the annulus of smallest width containing the set of points is equivalent to finding the global
minimum of Rg(z).

The main motivation for this problem comes from Computational Metrology. Given an
object that has to be tested for circularity (d = 2), take a sample of points from the object and
measure the circularity of this sample set; then accept the object if the circularity is good enough
and reject otherwise. The measure for circularity recommended by international standards is
the width of the annulus of smallest width containing S (see [8, pp. 40-42],[9, p. 14]). Further
information about the relation between Computational Geometry and Metrology can be found
in [19].

The problem of computing the annulus of smallest width containing a set of points has been
extensively studied in the Computational Geometry literature. The first non-trivial algorithm
was independently proposed by Wainstein [18] and by Ebara et al. [6], observing that the
center of the annulus is either an intersection of an edge of the closest-point Voronoi diagram
with an edge of the furthest-point Voronoi diagram, either a vertex of one of these Voronoi
diagrams. This leads to an algorithm which complexity is O(nlogn+ 1), where [ is the number
of intersections between closest and furthest-point Voronoi diagrams and can be quadratic in
the worst case (even for sets of points in convex position). In [16], Smid and Janardan point
out that the optimal annulus can be a slab. We shall include this case into the general one by
considering a slab as an annulus with center at co.

This characterization of the center of the annulus is used by Agarwal et al. [1] in order to
give a solution to the problem in O(n8/5%¢) time which has been improved to O(n/2+) time by
Agarwal and Sharir [2] by reducing the problem to a width-type problem in E>. Both algorithms
use parametric search and other sophisticated programming techniques.

Other recent papers deal with some related problems: Mehlhorn et al. [11] give an algorithm
which takes into account the sampling process and not only the discrete optimization problem,
while Duncan et al. [5] and Bose et al. [4] solve the problem in O(nlogn) time if the inner, the
outer or the medial radius is fixed.

The equivalent problem for simple polygons has been studied by Le and Lee [10] and has
been solved in optimal O(n) time for the special case of convex polygons and center of the
annulus inside the polygon by Swanson et al. [17].

The problem has also been treated in a number of papers in different areas. Actually, a
complete characterization of the local minima in the two dimensional case was given by T. Rivlin
[13], showing that a point is a local minimum if, and only if, there are at least two points on each
boundary circle (and, therefore, the center is always an intersection of one edge of the closest-
point Voronoi diagram with one edge of the furthest-point Voronoi diagram) and, furthermore,
closest and furthest points interlace angle-wise as seen from the center of the annulus.



1.1 Our results

We give necessary and sufficient conditions for a point to be the center of a locally minimal
annulus in E*. This characterization has important implications on the distribution of local
minima in some cases: we shall prove that, if points are in convex position, there is at most one
local minimum inside the convex hull. More generally, we shall see that, given an angular order
of a set of points, there is at most one local minimum compatible with the given order. Actually,
this is the problem that has to be solved in practice, because sampled points are given in order
around a reference center and the solution we are looking for should preserve this order.

In Section 5 we give a simple O(nlogn) algorithm that computes the local minimum for a
given angular order of the points and improve this to optimal linear time if points are in convex
position.

Finally, in Section 6 we give an example of a set of points with a quadratic number of local
minima for the roundness function.

Before going on, we state the formal definitions and introduce some notation in the next
section.

2 Preliminaries

Let S = {p1,...,p,} be aset of points in E?. The convex hull of S will be denoted conv S and
the boundary of conv .S will be denoted C'H(S). V.(S) and V;(S) will denote the closest and

furthest-point Voronoi diagram of 5, respectively.

Given a point * € EY, CN(x) and FN(z) will denote, respectively, the set of closest and
furthest neighbors of & in S, that is,

CN(z) = {pjeS|d(z,pj)= min d(z,p)}
FN(z) = {pjeS|dz,p)= m

goeoy

max d(z,p;)}.

goeoy

Then, the roundness function can be defined in the following way:
Rs(z) =d(z, FN(z)) —d(z,CN(2)).

The problem of computing the annulus of smallest width containing S is equivalent to the
problem of finding the global minimum of Rg(z). The special case where the annulus of minimum
width is a slab could be included into the general one by extending the definition of Rg(z) to
the real projective d-space, PYR. We recall that PR can be obtained by adding to R? a point
at oo for each family of parallel lines.

Given a point = € PR ~ R?, we define Rs(z) as the limit, when y goes to oo along a line
of the corresponding family, of Rg(y). Clearly, this limit does not depend on the line and the
value is the distance between the supporting hyperplanes of S orthogonal to the family of lines.



If p,q € E*, pg will denote the vector from p to ¢ and, as usual, we shall identify point p and
vector p (for a fixed point o). The Euclidean scalar product is denoted u-v and ||u|| = (u-u)'/?
is the length of the vector.

We use k-plane or k-sphere to denote a plane or a sphere of dimension k& and the unit k-sphere
will be denoted S*. Given a set T, its complement will be denoted T°. As usual, we say that a
hyperplane separates two sets of points if each set has points in, at most, one open half-space and
the same applies for infinite cones that divide the space into two open connected components.

Finally, we point out that if .S is included in a (d — 1)-sphere, the global minimum of Rg(z)
is zero. This property can be checked in linear time so, from now on, we are going to exclude
this case from our study.

3 Characterizing local minima of Rg(x)

The following lemma, whose proof follows easily from Taylor expansion, will be useful later:

Lemma 1 Let p € B, v € S¥1 and let o, the angle determined by p and v. Then

A2 gin? ap

2 |l

[Av = pl[ = llpll = Acosa, + +o(M).

The next result gives a complete characterization of the local minima of Rg(z) in arbitrary
dimension.

Theorem 1 o is a local minimum of Rs(x) if, and only if, closest and furthest neighbors of o
cannot be separated by a circular cone with apex at o.

Proof: We focus on the finite case. If o € PR ~ R, the circular cone is a cylinder and the
proof follows from a complete analogous reasoning substituting the angles with respect to the
axis of the cone by the distances to the axis of the cylinder and, instead of taking derivatives,
taking points on the axis of the cylinder “close enough” to co.

We first observe that, if v defines the axis of the cone, closest and furthest neighbors are not
separated if, and only if,
v -p; v p;

P: P: (1)

min —— < max -——.
pi€FN(o) ||Pil| ~ pi€CN(o) ||pi]]

For a given v € S%1 let Pe(v) denote the point of C'N (o) that minimizes the angle between
v and p; for p; € C'N(o) and let a,() be that angle, that is,
Vo Pe(v) VP

COS &« = — = max .
O T bl mecNE) [pill




In a similar way, py(y) is the point of FN(o) that maximizes the angle between v and p; for
pi € F'N (o) and let avp(y) be that angle, that is,

_V'Piv) _ . V-p;
= — = min .
sl pieFN(o) ||pdl|

COs af(v)

Then, condition (1) says that
Vvedit cos Qf(vy < COS Q(y)- (2)

From Lemma 1, it follows that, for A > 0 small enough, p.y) and py () are, respectively, the
closest and furthest neighbors of Av and, from Taylor expansion, we have

A2 [/ sino sin? ar,

5 ( flv) (v) ) —|—0(/\2)-

1Pyl IPe(v)l

Rs(Av) = Rs(0) + A (cos arg(y) — o8 avp(y)) +

Therefore, if condition (1) holds, we have cosag(yy — cosagyy > 0 for all v € S% 1 and o is a

local minimum. Conversely, if there exists v € S¥~! such that cos Qf(v) 2 COS O(y), then Rs(x)
decreases in that direction and o is not a local minimum. O

Observing that the intersection between a circular cone and a hyper-sphere is contained in
a hyperplane, the previous characterization can also be stated saying that, if we project points
of C'N (o) and F'N (o) onto a common sphere centered at o, then projections of points of C'N (o)
cannot be separated from projections of points of F'N (o) by a hyperplane.

We also observe that Theorem 1 implies that |C'N(o)| + |[FN(o)| > d+ 2 if o is a local
minimum. To see this, we observe that two sets R and B in E? with |R| + |B| < d + 1 can be
separated by a hyperplane (this is easy to prove, using induction on d).

Finally, we point out that |[C'N(0)| > 1 and |F'N(0)| > 1 because, in other case, points can
be separated by a degenerate cone.

For d = 2, this is also equivalent to say that there are two points on the outer circle and two
points on the inner circle of the annulus that interlace angle-wise as seen from the center of the
annulus.

In the last section we shall see that this characterization can also be the basis for the
construction of a point set in the plane with Q(n?) local minima for Rs(z).

4 Roundness in the plane

From now on, S = {py,...,p,} will be a labeled set of points in the plane such that polygon
P with vertices py,...,p, is simple. We also assume that points are ordered in the positive
(counterclockwise) direction and indices are understood modulo n. We define the kernel of S,
denoted ker S, as the locus of points from which the points of S are seen in the given angular
order.



Figure 1: a) ker S is shaded with the ear corresponding to e; darkened. b) Illustration for the
proof of Lemma 2.

We denote by e; the edge between p; and p;41 and by h; the left halfplane defined by the
directed line through p;, p;y1. For a given edge e; in the convex hull of P, we denote

H; =) hy.

j#i
The (possibly empty) part of H; outside conv S will be called the ear of ker S corresponding to
edge e; (see Figure 1.a).

It is important to distinguish between the kernel of the set of points and the kernel of the
simple polygon because in some relevant practical situations the solution to the problem is
expected to be outside the polygon (for example, when the set is in the shape of an arc of a
circle). The following result includes an alternative characterization of ker S and the relation
between this concept and the well-known concept of kernel of a simple polygon.

Lemma 2

9

ker S = U H,
e, €CH(P)

b)
ker P =ker SNconv S

c) If P is star-shaped, ker S is also star-shaped and ker P is contained in the kernel of ker S.

d) If P is not star-shaped, ker S is convex (and contained in one of the ears).

Proof: Part a) follows from the observation that, if ¢ € ker S, points appear ordered and thus
q is outside of, at most, one of the half-spaces which, in that case, corresponds to an edge of the
convex hull (see Figure 1.b) while part b) is obvious from a) and the definition of ker P.



For ¢), assume that p € ker P and ¢ € ker S. Then, p,q € H; for some 7 and, because H; is
convex, pg € H; and we have that pg € ker S.

Finally, in order to prove part d), we observe that, if P is not star-shaped,

m hiﬂpz@.

e, ¢CH(P)

Let ¢ € ker S and let ¢; be the edge of P supporting the tangents from ¢ to P (see Figure 1.b).
Because ker P is empty, there exist j, & such that e; and ej are not on the convex hull of P and
h; N hy € hi. Therefore, ker S = H; and is a convex set (the ear of ;). O

The following theorem is the main result of this section:

Theorem 2 [nside ker S there is, at most, one local minimum of Rs(x).

Proof: Assume that o € ker S is a local minimum of the roundness function and let v € S*. If
we denote by £, the half-line Av, A > 0, it is enough to show that there is no other local minimum
in {y NkerS. Assume that v defines the direction of the positive 2 axis, C'N (o) = {p;, p;} and
FN (o) = {pk,pi}. If o; denotes the angle between v and p; we can further assume, without loss
of generality, that a; < a; and ay > a;. Then, from Theorem 1 it follows that a; < . Finally,
for q € F2, vex_ veq
S V- .
CO =1 IR 2 T

will denote a cone with apex at o. We use C(¢)° to denote the complement.

We distinguish two cases:

i) If v-p; > v-pg, looking at circles centered at Av and passing through pj (see Figure 2.a) we
have that F'N(Av) C C(pg)©, while looking at circles centered at Av and passing through
p; it follows that closest neighbors of Av are contained in the half-plane

H={qlq-v>p;i v}

and, because

H O Ao [[pills [[pll) € Clpr),

it follows that C'N(Av) C C(pg) and there cannot be any local minima on the half-line
fy NkerS.

ii) If v-p; < v-pg it holds v-pg > 0 and we claim that there exist two points p. € C'N (o)
and ps € F'N (o), both in the upper or the lower half-plane and such that v-ps > v - p,
and ay > a.. In order to prove the claim assume that py is in the upper half-plane. If p;
is also in the upper half-plane, then py = p; and p; = p. so assume that p; is in the lower
half-plane. In that case, if a; > «; and p; is in the lower half-plane, p; = p; and p; = p..
Otherwise, p; is between pj and p; and we have p. = p; while p; is py or p; depending on
the situation of p;.



Figure 2: Hlustration for the proof of Theorem 2.

Without loss of generality, we assume that p. and py are in the upper half-plane as in
Figure 2.b and denote by ¢ the intersection between the half-line ¢, and the line passing
through p. and py. Again, looking at circles centered at Av passing through p. and py, it
follows that, to the left of ¢, C'N(Av) C C(p.) and FN(Av) C C(py)¢. Therefore, in order
to finish the proof we only have to show that there are no points of ker S on the half-line
ly to the right of ¢. But this follows from Lemma 2: observing that in the chain between
pe and py there is at least one edge not belonging to the convex hull and intersecting the
half-line ¢ to the left of ¢ and that o is not inside an ear (in that case, the rest of the
points should be inside the angular region defined by p., o and py, contradicting the fact
that the other furthest neighbor is outside that region).

g

If S is a set of points in convex position (i.e. they are the vertices of a convex polygon),
because conv S C ker S, we have:

Corollary 1 If S is in convex position, Rs(x) has at most one local minimum inside conv S.

It is worth noticing that Theorem 2 easily gives useful properties about distribution of local
minima in practical examples. For instance, if we assume that we have taken a sample of n
points which are contained in an annulus of width ¢ centered at the origin (we normalize the
problem in such a way that the inner radius is one) and denote by 6 the smallest angle between
two consecutive points, a straightforward computation shows that the disk centered at the origin
with radius

B (1+¢)sinb
V1+(1+¢2)?2—=2(1+¢)cosd
is contained in ker S and thus has at most one local minimum. If points are equally distributed
and we assume a (huge) 5% error both in the angle and the width, for n = 360 we have
6 ~ 0.33. This result can explain why standard optimization methods perform well “in practice”
to approximate the solution.




a) b)

Figure 3: a) Illustration for the proof of Lemma 3. b) lllustration for the proof of Lemma 4.

In the next section, we are going to see that additional structure of the problem will allow
us to design a simple and efficient discrete algorithm which can find the exzact solution to the
problem.

5 The roundness algorithm

Before we describe how to compute roundness when the circular order of the points is known, we
need some additional notation and definitions. Consider the edges of the furthest-point Voronoi
diagram that lie in the kernel of S, namely 7 = ker SNV,(5). Note that 7 can be disconnected,
but has linear size because the intersection between an edge of V;(S) and ker S is connected.
Let us denote by e;; the edge of 7 contained in the bisector of segment p;p;. The end-points of
e;; are denoted ¢;; (the closest end to p; and p;) and f;; (the furthest end). This is well defined
except for, at most, one edge of 7, which can be treated separately. Finally, we assume that
points are labeled in such a way that triangle ¢;;p;p; has positive orientation and denote by S;;
the chain between p; and p; (see Figure 3.a). Then we have:

Lemma 3 The roundness function has a local minimum in e;; if, and only if, CN(¢;;) C Sy

and CN(fZ']‘) C Sji-

Proof: Using the same arguments as in the proof of Theorem 2, it follows that, if the closest
neighbor of ¢;; is not in 5;;, then closest neighbors of points of e;; cannot be in S;; and, therefore,
there is no local minimum in this edge. Moreover, if closest neighbors of ¢;; and f;; are in S;;,
the closest neighbors of all the points in e;; are in S;; (if this was not true, we would get a
contradiction with the preceding argument). Finally, if CN(¢;;) C S;; and C'N(f;;) C Sj; then
the local minimum is achieved when closest neighbors switch between S;; and Sj;.

g



Using this result, the algorithm is straightforward: as a first step, we compute Voronoi
diagrams V¢(5) and V.(S5) and process V() for point location. This can be done in O(nlogn)
time. Because the number of intersections between V¢(S5) and ker S is linear, 7 can also be
computed in time O(nlogn) with a standard sweepline algorithm. We can process each edge of
7 in time O(logn) by locating the closest neighbors of its end-points. Finally, if we get an edge
e € T containing a local minimum, we can locate it traveling along e across V.(S) in additional
O(n) time. Then we have shown:

Theorem 3 If there is a local minimum of Rs(z) inside ker S, it can be computed in O(nlogn)
time.

It can be useful to point out that, if 7 is connected (which is likely to be the case in
most practical situations), the algorithm can be made even simpler within the same asymptotic
complexity by avoiding the point location step. Furthermore, the complexity can be improved
to optimal linear time if points are in convex position. Both results are based on the following
lemma.

Lemma 4 Let g € ker S be a vertex of V¢(S) with FN(q) = {p;, pj, pr} where points are ordered
according to their indices. Assume that T is connected and let T;; denote the subtree correspond-
ing to points in S;; (see Figure 3.b). If the closest neighbor of q is not in S;;, there is no local
minimum of Rs(z) in Ti;.

Proof: If the angle p;gp; is smaller than 7, the result follows by repeatedly applying Lemma 3
to the edges of 7;; starting at ¢. If this is not the case, as in Figure 3.b for 7i;, we can use again
the same arguments as in the proof of Theorem 2 to see that if the closest neighbor of ¢ is not
in Sg;, then the closest neighbor of points of eg; cannot be in Sy; and iterate this argument to
show that there is not local minimum in 7;.

g

Using this lemma, we compute T as before and locate a vertex such that the subtrees that it
connects have size smaller that e¢n for some constant ¢. Now, we compute the closest neighbor
of the vertex by brute-force and discard a linear fraction of the edges in linear time. Therefore,
the edge containing the local minimum is located in O(nlogn) time. We conclude the section
observing that, if points of S are in convex position, both approaches can be combined in order
to get:

Theorem 4 If S is a set of points in convex position and Rg(x) has a local minimum inside
conv S, it can be computed in time O(n).

Proof: If points are in convex position, V.(5) and V¢(S) can be computed and the former
processed for point location in O(n) time [3, 7]. Moreover, T = V¢(S) Nconv S is connected and
can be computed in linear time. To see this, consider 7 as a directed tree rooted at the center of
the minimum enclosing circle of S and observe that an edge e € T cannot enter conv S. Finally,
applying Lemma 4 we can discard a linear fraction of the edges of 7 in time O(max{logn,|7;|})
where 7; is the tree after ¢ prune steps and the result follows.

10



6 An example with Q(n?) local minima

Previous works [1, 16] conjectured that Rs(z) may have Q(n?) local minima because V.(S) and
Vf(S) can have a quadratic number of intersections. We construct n + 1 closest and n + 1
furthest points whose respective Voronoi diagrams have n? intersections in the first quadrant,
all of which will be local minima by corollary 2.

Corollary 2 If edges of V.(S) and V¢(S) intersect and the closest and furthest points interlace
angle-wise as seen from the intersection point, then Rs(x) has a local minimum at that point.

First, we choose the set of n + 1 ‘closest points’ along the y axis with y coordinates y; =
(2¢ + 1)2'_17 for 1 <7 < mn+4 1, where ¢ is a positive constant to be chosen later. The bisectors
of these points are the lines
_ Yit Vi1
= =
In the first quadrant, these bisectors will be edges of the closest-point Voronoi diagram. See
Figure 4.

y (c+ Dy;.

We will choose the n 4+ 1 ‘furthest points’ in the third quadrant of a circle centered at the
origin with radius r > v, to be determined later. Thus, the furthest-point Voronoi edges,
{l; : 1 < j < n}, begin at the origin and extend to infinity in the first quadrant.

We will choose ’furthest points’ so that the angle from the x axis to the first edge {7 is
0, = 7/8 and the angle from line ¢;_; to line ¢; is 6; = 7 /2772, Then the angle from the 2 axis
to {; is /4 —0; for 1 < j < n. Specifically, choose the jth ‘furthest point,” f;, to lie on the line
through the origin at angle 7/4 — 46;/3, for 1 < j < n+ 1. Then the bisector of the points f;
and f;4q has angle

1/m 40; © 40,4 T 1/46; 206; s
I e o gy 2 “J)Y=__9.
2(4 3 T3 3) 4 2(3+3 4

and the furthest-point Voronoi edge ¢; has the desired angle.

Theorem 5 If the n + 1 ‘closest points’ and n + 1 ‘furthest points’ are defined as above, then
for some constant ¢ and radius v, the function Rs(z) has ©(n?) local minima.

Proof: First, some additional notation. We denote the furthest-point Voronoi edge {; by its
slope/intercept form y = m;xz, where the slope m; = tan(x/4—6;). We can bound 1/2 < m; < 1,
for all j. We denote the slope of the line that defines the furthest point f; by m; We can express

m; in terms of m;:

0

T 46, _ tan (%—@)—tan(—ﬂ) B mj—tan(gj)
T o g

(- %)- :
i o 4 3 1+tan(§—0j)tan(§]) 1+mjtan(§])

11



Figure 4: Closest- and furthest-point Voronoi edges in the first quadrant

Now, the ith closest-point edge intersects the jth furthest-point edge in the point ¢; =
((c+ Dy;/m;j, (c+ 1)y;). By corollary 2, the point ¢;; is a local minimum if the points (0, y;41),
fis (0,y;), and f;41, appear in ccw order viewed from ¢;;. It is clear that (0,y;41) is first; we
need to check that f; and f;1; are on opposite sides of the line through ¢;; and (0,y;). The
equation of this line is

ACE T 4 o c 4 '

Notice that this line is above [; in the third quadrant, so f;;+; is below the line. Notice also
that the slope of this line is determined only by the furthest-point Voronoi edge {;—all lines
defined by intersection with (; are parallel. If we can choose f; to lie above the highest line,
y=cm;z/(c+ 1)+ y,, then the points ¢; will be local minima for all i.

For the furthest point f; to be above the highest line, the slope m; of the line defining f;
must be less than the slope ¢m;/(c+ 1) of the highest line. If we choose ¢ > 2/tan(6,,/3), then

0]
c m; mj — tan (?) ,
=m.

> g >
c+1 14 2t/ (?/3) 1+mjtan(%) !

Thus the line defining f; crosses from below to above the highest line at some point. As long as
we choose r, the radius of the circle that defines f;, larger than the distance to the intersection
of these two lines, then f; will be above the highest line. Thus, it is possible to construct the
furthest points f; so that the n? intersection points ¢;; determined by a closest- and furthest-
point Voronoi edge in the first quadrant are local minima. O

12



To get an idea of the magnitude of the coordinates involved, choose ¢ = 27*>. The circle

must include all intersections of the lines y = m/z with y = em;a/(c+1) +y, forall 1 < j < n.

The largest y coordinate is at most the largest & coordinate, which the reader can check is

Yo (2c+ 1! < o(nt2)(n+5)
7 cmy my my .
M; =% Iftan(d;/3)/2  1+1/c
Therefore the radius can be chosen to be r = 29("*) Since the positions of points in this

construction have been chosen to simplify the proof, we are certain that smaller constructions of
Q(n?) local minima can be given. We conjecture, however, that the magnitudes of points must
grow exponentially in n.

We note that in this construction all of the points are on the boundary of the convex hull,
and that a small perturbation could make all points be vertices of the convex hull. The Q(n?)
minimal annuli all have centers outside the convex hull; we have seen that at most one center
can be inside the hull.

7 Concluding remarks

In this paper we have dealt with the problem of computing the annulus of minimum width
containing a set of points. We have characterized the set of local minima of Rg(z) (feasible
centers for the annulus) in the d-dimensional case and we have shown that, inside the kernel of
the set, there is at most one local minimum which can be computed in O(nlogn). We remark
that the algorithm is more efficient than previous algorithms solving the general problem and
that it is useful to solve the problem in practice, because in the metrology application the sample
points are given in angular order. We also remark that the algorithm is simple and, thus, easy
to implement. It is an interesting open problem to see whether or not a set of points in convex
position in the space has only one local minimum inside its convex hull.
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